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ABSTRACT

In this article, the concept of Restricted visible (for short; Res-visible) submodule and fully restricted
visible (for short fully Res-visible) module have been introduced which are considered the
generalizations of the concepts of visible submodules and fully visible module respectively where every
visible submodule (fully visible module) is Res-visible submodule (fully Res-visible) module, but the
converse is not be true. Examples have been presented illustrating those relationships.

1. INTRODUCTION

In this study, T is a commutative ring with identity and X is unitary module. Anderson and Fuller [1] called the submodule
N apure submodule of X if IN = N n IX for every ideal | of T. Ribenboim [7] defined N tobe pureinM ifrXn N =rN
for each re T. Mijbass in 1992 presented the concept of cancellation module "A T-module X is defined to be a cancellation
module if IX = JX for ideals | and J of T implies 1=J ", [6].

In [2] Mahmood and buthyna presented a new type of submodule of a module X over a ring T under the name visible
submodule. Where a proper submodule W of a T -module X is named visible whenever W = [W for every a nonzero ideal
[ of T, also in ([5],[4] ) they present the concepts of 2-visible module and fully visible module where a submodule K of a
module X over aring T is said to be 2-visible whenever K = I?K for every nonzero ideal I of T, amodule X over T is called
a fully visible module , if each a proper submodule of T is visible, our aim goal is to introduce the concept of Restricted
visible (for short; Res-visible) submodule and fully restricted visible (for short fully Res-visible) module .

2. RESTRICTED VISIBLE SUBMODULES

The concept of restricted visible (for short, Res-visible) submodule of a T-module X will be presented here in this item which
is a generalization of the concept of visible submodule of an T-module X. It is clear that each visible submodule is restricted
visible submodule, but the reverse does not occur, and we have given an example that illustrating it. Many results and
properties that the researcher can observe here have been demonstrated.

Let us begin with our basic definition:
2.1 Definition

A nonzero proper submodule W of a module X over T is named restricted visible, if for every nonzero ideal I of T such that
IN # 0, implies N = IN.
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2.2 Remarks and examples

_fa 0O . . . 0 0] 0 O 0 0] 1 O

LetT = {[0 b] ,a,b € Z,}bethering 2 x 2 matrices over the field Zz.Then{[O 0]1, [00 1]}and{[0 0] ,[0 O]}
o 1
Z,} be amodule over T and Let N = {[8 g] :b € Z,} be a submodule of X. Thus N is Res-visible submodule of X. Since

, if we take the ideal { [g 8] [g (1)] 1.

are two proper nonzero left ideals of T with the trivial ideal{[g 8] [(1) 8] , 8 (1)] ]}. LetX={[g g ,a,b €

We get Nz{[g 8][8 (1)}N=0=[8 8 If we take the ideal {8 8][(1) 8]} , We obtain N =
(o ol lo oltv=o=[p glase n={[g cl.Ig i.[y ol lo 31}W#Io ol From et above, we
have satisfied that N is Res-visible sumodule.

The submodule (2) of a Zg-module Z, is Res-visible. Since (1) is the only ideal of Zg such that (1)(2) # 0 and implies
(D) = ().
More generally, every submodule of a Z,» -module Z, , where n is any positive integer and n = 2 is Res-visible submodule.

Consider the module Zg over Z. Since the two submodules (2) and (3) are not visible to show that, take (2). Note
(5)(2) # 0, but (5)(2) = (4) # (2). Therefore, (2) is not Res-visible submodule. In the same way, when we take the
submodule (3).

Every submodule of a Z-module Z is not Res-visible, also all submodules in the module Z@Z over Z are not Res-visible.
To prove this, let W = nZ@mZ be a submodule of Z@Z, n, m are a honzero positive integer and n, m > 1. Let 3Z be an
ideal of Z, since (3Z)W = 3Z(nZ®&mZ) = (3n)Z®(3m)Z + (0,0) , but (3Z)W +. That is not Res-visible submodule.

Any submodule of a Z,-module Z, and all submodules of Z-module Z&Z are not Res-visible.

Every visible submodule is Res-visible. The opposite incorrect and the following example illustrates this: the suomodule (2)
of Z, as a Z-module is Res-visible by number (2) , but it is not visible submodule by (Remarks and Examples ((2.2),(1)).

Theorem 1: Let W and D be two Res-visible submodules of a T-modules X. Then W + D is also Res-visible submodule.

Proof : we start with W and D are two Res-visible submodules of X and let J be a nonzero ideal of Tand J(W + D) # 0. If
(W + D) =0, then JW and /D are equal to zero and this contradiction with the fact that W and D are Res-visible
submodules. To get back now,

J(W + D) =JW +]JD =W + D. This prove to be.

More general, if {W, };_; is a finite collection of a Res-visible submodules of an T-module X, then the sum of all these
submodules are Res-visible.

Theorem 2: Suppose that L be a Res-visible submodule of X. Then for every nonzero proper submodule K of X is Res-
visible whenever L = K.

Proof : assume that p: L — K be an isomorphism. Then p (L) = K (since p is an epimorphism), but L is Res-visible
submodule of X, then L = IL, for every nonzero ideal I of T such that IL # 0.

K=p(L)=pUL)=1p (L) =IK. Since IK # 0, if IK =0, then p (IL) = 0 = f(0) and hence IL = 0. (since p is
monomorphism), but this is a contradiction with assumption. Therefore IK # 0. Thus K is Res-visible.

Theorem 3: Let X; and X, be T-modules and #: X; — X, be an T-homomorphisim. Then $~1(L) is Res-visible submoule
of X; when L is Res-visible submodule of X,.

Proof : let L be a Res-visible submoule of X,. Then L = L for every nonzero ideal I of T such that IL = 0.
Now 7~1(L) = (L) = Iy~1(L), since Iy ~1(L) # 0.

If I9~1(L) = 0, then #71(IL) = 0 and hence $~1(IL) = 7(0) = 0 which implies IL = 0. This gives us a contradiction.
So it must be I$71(L) # 0 and from this we get this we get #~1(L) is Res-visible submoule of X;.

The next proposition gives an advantage to the Res-visible submoule.
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2.3 Proposition

Let W be a nonzero proper and faithful submodule of a module X over T. Then we will get the next bonuses.
1) W is Res-visible submodule.

2) W = IW for every nonzero f. g ideal I of T such that IW =+ 0.

Proof:

(1) = (2) directly realized.

(2) = (1) Let W is Res-visible submodule of X. Consequently VI = 0, I is an ideal of T , we have W = [W, we can
take I is finitely generated ideal.

we have to prove that IW = 0 for every nonzero f. g ideal I of T. If IW = 0, then I € ann(W) = 0 (since W is faithful)
which implies I = 0 this is a contradiction. Therefore IW =+ 0.

The following proposition confirms the genetic property of Res-visible submoule.

2.4 Proposition

Every submodule of Res-visible submodule is also Res-visible.

Proof:

Similarly proof of (Proposition (2.7),[2])

2.5 Corollary

Let W; and W, be two Res-visible submodules of a T-module X, then W, NW, is Res-visible submodule.
As a direct generalization of the result above we gave the following

2.6 Corollary

Let {W;}7-, be a family of Res-visible submodules of aT-module X. Then N}~ W; is Res-visible submodule.
2.7 Remark

Let K, W be two submodules of a T-modules X such that K ¢ W and K is Res-visible submodule, it is not necessary that
W is Res-visible submodule and the following illustrates this. Since (2), (4) are two submodules of Z;, and (4) € (2).
Note (4) is Res-visible submodule, but (2) is not Res-visible submodule look, (2).(3) = (6) # (0) where (3) is an ideal
of Z5¢ and hence (2). (3) # (2) and this explained above.

2.8 Proposition

Let X be a fully cancellation module. Over a ring T in which all nonzero ideals are idempotent and K is a nonzero proper
submodule of X. If D is a Res-visible submodule and contain in K, then K is Res-visible submodule.

Proof:

Let K be a nonzero proper submodule of X and D be a submodule such that D € K. Then for every nonzero ideal I of T, we
have ID < IK and hence IK = ID + IK, but D < IK (since D is Res-visible submodule). Therefore IK = D + IK (since
ID = D, Res-visible submodule). Then IK = IK. We have, I?K = I?K, implies IK = I?K (since I is an idempotent ideal),
but X is fully cancellation module, then K = IK since IK # 0, ifIK # 0,thenID = 0 (note, ID < IK), this isa contradiction
because D is Res-visible submodule.

3. FULLY RESTRICTED VISIBLE MODULE

Now, we will introduce the definition of fully restricted visible (for short, fully  visible) modules which is a generalization
of the concept of fully visible module. So let’s start by definition.

3.1 Definitions

A T-module X is said to be fully Res-visible if for any nonzero proper submodule of X is Res-visible. A ring T is called
fully Res-visible if it is fully Res-visible T-module.

The next gives us examples and observation about that concept.
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3.2 Examples and Remarks

Z, as a Z,-module is fully Res-visible.

This property can be written number more generally as follows: Z,-module is fully Res-visible Z,»-module where n >
2 by Remarks and Examples ((4.1.2), (3)).

Zg asa Zg-module is not fully Res-visible since, let (2) be a submodule of Z, and (1), (2), (3) are ideals of aring Zsthen
(1).(2) = (0) and (1).(2) = (2) also, (2)(2) = (0).

But (2).(2) = (4) # (2) that is, (2) is not Res-visible submodule of Z4. This prove the result.

Zp asa Zp, P is prime number is not fully Res-visible module.

Z as a Z-module is not fully Res-visible, since every submodule of Z is not Res-visible also, the module Z@Z as a Z-module
is not fully Res-visible by examples and remarks (2.1) number (2).

Every fully visible is fully Res-visible, since the opposite is not true in general for example: let’s take the same example as

in ((4.1.2), (1)) itis fully Res-visible module, since the submodule W = {[g g]a € Z,} of amodule X = {[8 g],a,b €

Z,}of aring T = {[¢ 2 ,a,b € Z,). Let] = {[8 8] , [8 (1)]} be a left ideal of X. Then W = IW = 0. W is not visible
module of X and hence X is not fully visible module.
e  Every submodule of fully Res-visible module over T is fully Res-visible.
Lety: X; — X, be T-homorphism and X; , X, be two fully Res-visible T-modules. Then :
i.If W is a nonzero proper submodule of X;, then f (W) is Res-visible submodule of X,.
ii.lf W is a nonzero proper submodule of X, then f~*(W") is Res-visible submodule of X; .

The following theorem is a generalization of (Theorem (2.1.4), [3] )where it gives advantages to the module to be fully Res-
visible.

3.3 Theorem
Let X be a T-module. Then the following are equipollent.

e X is fully Res-visible module.

e  Every nonzero proper cyclic submodule of X is Res-visible.
3.4 Proposition

Let T be a PIR. and W be a nonzero proper submodule of a T-module X. If for all x € N and VO # r € T such that x = rtx
for some t € T, then X is fully Res-visible module.

Proof:
Similar the proof of (Proposition (2.1.5),[3])
3.5 Proposition

If X is fully Res-visible module over T, W is a nonzero proper submodule of X. Then forallx € W and foralls # 0 € T,
we have x = stx forsomet € T.

Proof:

Suppose that x € W and 0 = s € T. Hence (s) is an ideal of T. Now, we have X is fully Res-visible module, then W = [W
for every nonzero ideal I of T. Put I = (s). Hence x € W = (s)W. Since (s)W # 0, if (s)W =0, then W = 0, this is
contradiction with the W hypothesis.

3.6 Corollary

Let X be a module over PIR and W be a nonzero proper submodule of X. Then X is fully Res-visible module if and only if
forallx e Wandforall 0 = r € T; x = rxt forsomet € T.
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