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ABSTRACT

The set of all irreducible polynomial representations of general linear group GL,, (F) of degree n
is described by the module {£, (F)}; where A runs over all partitions A = (A4, A, ..., A). There
are a number of classical formulas that express the formal character of the representation £, (F)
in terms of standard symmetric polynomials. Such formulas are also valid for the more general
representation modules {£,,,(F)} associated to skew partition A/y; where p < A.

Let R be a commutative ring with identity and F a free R-module. The Weyl module resolution
studied by Buchsbaum where the Weyl module G, () is the image of the Weyl map 4 ,,,(F)
for the skew-partition A /.

Reduction the terms of the resolution of the characteristic-free of Weyl module to the terms of the
resolution of Lascoux by employing the boundary maps for the partition (9,6,3) and prove that
the sequence of the reduction terms is exact.

1. INTRODUCTION

The precise definitions of the boundary maps are given in [1]; where it is proved that the complex resolution B, in

characteristic-zero of £, (F) is exact, where

B.:0 B(k)

°® 2,
B, By Lyju(F)y—0

2

Note that the terms of the resolution B, of £, (F) are direct sums of tensor products of the fundamental representations

of GL, (F).

Hassan generalized the techniques in [2] for the partitions (3,3,3), and (4,4,3) in [3,4] respectively, also authors in [5-7]
studied the cases (8,7,3), (6,6,4;0,0), (7,7,4;0,0).

The reduction resolution terms of Weyl module from characteristic-free to Lascoux found in this work and prove that the
sequence of these terms is exact.

2. THE TERMS OF CHARACTERISTIC-FREE RESOLUTION

We stratify the following formula for the case of partition (p, g, 7) to obtain the terms of the resolution for the partition

(9,6,3), [2].

Res([p, 4; 01)®D,® Yez0 235 Py Res([p, g + e+ e + 1)®D,_,_®

Z(ez+1)

Zelzo,ezzel 232

/y)géilﬂ)zRes([p tei+lgte;t1e;—e]) ®Dy_(oyrey42)
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where g(g,”) is the pursue Bar complex:
k k Ky
0- ZwZpw ...2, > Zkizl’Zki:mZ;bl)wZ;bZ)w ...Zib NN Zg]”) - 0.

m—times

Hence the terms of the resolution for the partition (9,6,3) is

Res([9,6; 0))®@D3® Y20 2.5y Res([9,6 + e + 1;¢ + 1])®@D;_,_,®

Ve is0eyme, 2o yZE P gRes([9+ e + 1,6 + e, + Ley — e11) ® Da_ oy 1429 (1)
So

Yer0 25y Res([9,6 + € + 1;¢ + 1])®D;_._; =

Z29 Res([9,7; 1) ®D, D22y Res([9,8; 2]) @D, ®Z3y Res([9,9; 3))®D,,

and

Y 206026, ng‘;zﬂ)yg,filﬂ)zRes([() +e,+1,6+e,+1e,—e])®

Ds—(eysep+2) = Z32%Z312Res([10,7; 0)) @D, BZ{7 4251 2Res ([10,8; 11)®@D;

where Z5,4 is the Bar complex:

d
0— 23y — Z3; — 0,
gé;)y is the Bar complex:

a a
0— Z5425y —y>Z§§)y, _@)Zg) — 0,

234 is the Bar complex:

Z:«g;)%zw’y‘
a a a
0 — Z3,423,4Z3,4 - @ y’zg)’y‘ y’zg)_) 0,
z Z(Z)
32YL3, Y

and Z3,z is the Bar complex:
0z
0 i Z31Z _)Z3l_> 0,
where x, ¢ and z stand for the separator variables, and the boundary map is 0, + d,, + 9.

Let Bar (M, A; S) be the free Bar module on the set S={ x, ¢, 3}; where A is the free associative algebra generated
by Z,1, Z5,, and Z5, and their divided powers with the following relations:
202 = 2020 ad 2020 = 2020
And the module M is the direct sum of D, ® D, ® D, for suitable p, g, and #~ with the action of Z,,, Z;,, and Z3, and
their divided powers.
The terms of the characteristic-free resolution (4.3.1); where b, by, by, b3, by, bs, b, ¢4, ¢, € Z* are:

o In dimension zero (X,) we have Dy®D;QD;.

o In dimension one (X;) we have the sum of the following terms:
o 2 %Dy, ,®Ds_,®D;; Where 1< b < 6.

o 2 yDy®Dg,,®D5_p; Where 1< b < 3.

o In dimension two (X,) we have the sum of the following terms:
Z{W 228 Dy ), ®Dg_1p/®Ds; Where 2 < |b| = by + b, < 6.
232928 4Dy, @D, _,®@D,; Where 2 < b < 7.
224z2" 2Dy, ,®Dg_,®D;; where 3 < b < 8.

22 4z2" 2Dy, ,®Dy_,®D,; where 4 < b < 9.
2004282 4Dy @Dy, ®Ds_ s Where 2 < |b| = by + b, < 3.
20y 7. 2D10®Dg., ®D,_; Where 1< b < 2.

o In dimension three (X3) we have the sum of the following terms:
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202202 2 70D 4Dy ) @D ®Ds; Where 3 < |b| = X3, b; < 6and by > 1.
Z3, 42V xZ P x Dy 1, @D,/ ®D,; Where 3 < |b| = by + b, <7 and by > 2.
ZPyzEV 28 xDy, ), ®Dg_y @D, ; Where 4 < |b| = by + b, <8 and b, > 3.
232923292 #Dg,,®Dg_, @D, ; Where 3 < b < 8.

20y 28V x 70D 2Dy @Dy ®Dy; Where 5 < |b| = by + b, <9and by > 4.
o 280y 2(D 2P Dy, ®Dy_,®Dy; Where ¢, + ¢, =3and 4 < b < 9.

Z339 2329 23,9De@DgQDy.

2329231220 2D, ®D,_, @D, ; Where 1< b < 7.

o 242,22 %D, ,®Dg_, ®D,; Where 2 < b < 8.
Z32YZ3,42313D10@Dg®Dy.

o

In dimension four (X,) we have the sum of the following terms:

Z0 2202 5 709 3 700 2D 1, @D p @D Where 4 < |b| = i, b; < 6and by > 1.
Z3292 0 xZ28D 228D Dy ) @D,y ®Dy; Where 4 < |b| = Y3, b, < 7and by > 2.
ZDyz80 709 x 75D 4Dy, 1, @Dy ®Dy; Where 5 < |b| = X3, b; < 8and b, > 3.

o 25,4234 20 2P 1Dy, 1, @Dy ®D;; Where 4 < |b| = by, + b, < 8;and by > 3.

o 28422202 220 xDy, ) ®Dy_ ®Dy; Where 6 < |b| = Y3, b; <9and b, > 4.

o 28y 2Dy gDy @Dy ®Dy; Where ¢; + ¢, =3,5< |b| = b, +b, <9 and b, > 4.
o 2oy Y Zsy 23292 Dy, ®Dy_,®Dy; Where 4 < b < 9.

o Z5,4Z318Z0 228D %D, o 41 @D,/ @D, Where 2 < |b| = by + b, < 7and by > 1.

o 2D42,,52{ 228D 2D, o, 1,/ ®Dg_ 1/ ®Do; Where 3 < |b| = by, + b, < 8and by > 2.

o 23223923122 xD1 04, ®Dg_,®D,; Where 2 < b < 8.

o In dimension five (X5) we have the sum of the following terms:

o 2805z 3703 2 700 4 709 1Dy 1| @Dy ®Ds ; Where 5 < |b| = Y2, b; < 6 and by > 1.

. Z32yzz(ll’l)sz(?Z)xZZ(T)xZZ(?“)xD%|b|®D7_|b|®2)2; where 5 < |b| =Y} ,b; <7 and b; > 2.

ZPyz{ 22" 228D 225V 4Dy |, ®Dg_ 1 ®Dy; Where 6 < |b| = Xi, b; < 8 and b, > 3.

2529 Z3,9250 2207 x 28D Dy 1, @Dy, @D, Where 5 < |b| = Y3, b; < 8 and b, > 3.

o 294y 70702 709 700 4D ) @Dy, ®Dy; Where 7 < |b| = Y&, b; <9 and by > 4.

o 280 7D 700 5 702) 4 70 4D 1| ®Do_p®Dy; Where ¢; + ¢, =3,6 < |b| =¥3,b; <9 and by = 4.
z32yzuyznyzz(’;”xzz(?)w%,,,,®Dg_|b|®7)0; where 5 < |b| =b; + b, <9 and b, = 4.

. z324,,/231zz§’;1)xz§’;2)xz§’j3)x7)m+|,,|®D7_|,,|®Dl; where3 < |b| =33 ,b; <7 and b, > 1.

o 2942522282 22" 4D . 1, ®Dg_ ®Dy; Where 4 < |b| = Y3, b; <8 and by > 2.

2324232425182 278D 2D, 41, @Dy p®Dy; Where 3 < |b| = by +b, <8 and by > 2.

]

In dimension six (X,) we have the sum of the following terms:

202202 709 700 1 709 256 2D, 1| @D ®D3; Where 6 < |b| = X8, b; < 6 and by > 1.
Z32y 202282 2209 6 200 2259 4Dy 1 ®D,_ 1, @D, Where 6 < [b] = X3, b; <7 and by > 2.
20y 280 xz202 2703 x 70 2209 4D, 1, @Dy ®Dy; Where 7 < |b] = ¥3_, b, < 8 and b, > 3.
23,423,y Z 0 22 620D 228V xDy 1 ®Dg_ 1, @D, Where 6 < |b| = Yi, b, < 8 and by > 3.
20y 2802z 2203 x 20 2219 4D, 1, @Dy, @Dy Where 8 < [b] = X5, b, <9 and by > 4.
Z{EVy 2P 4z 2202 2 29 x 200 2D, 1 ®Do_ 1, @Dy Where ¢, + ¢, =3,7 < |bl = Xi,b; <9 and by > 4.
o 25,4 Z3,4Z529Z P 228D £ 209 xDy ) @Dy ®Dy; Where 6 < |b| = X3, b; <9 and by > 4.

o 254251820220 220V 28V 4D, o 41 @Dy @Dy Where 4 < |b| = Yi by < 7 and by > 1.
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20422282209 228D 22V 2D o 1y @Dy iy ®Dy; Where 5 < || = X, b; < 8 and by = 2.
2329232425182 228D 224D o, 1 ®Dg_; ®Dy; Where 4 < |b| = Y3, b; <8 and by > 2.

o

In dimension seven (X;) we have the sum of the following terms:
Z32y,22(?x221x221x221x221x221xD16®D0®D2.

Z329 23,4y Z 0 220D 2 200 2280 2 209 4Dy ®Dg_y, @D, Where 7 < |b| = Y3, b; <8 ande by > 3.
20423 22, 22,1 %251%2512Z,,2D,, @Dy @D,

2329232425292 228D 220 2 20V 2Dy ) @Dy ®Dy; Where 7 < |b] = X, b; < 9 and by > 4.

Z{0 422 70 2 7(02) 1 7 (09 4 7 00) 1 709 4Dy 1| @D ®Dy; Where ¢, + ¢, =3, 8< |b| = X5, b; <9 and
b, = 4.

o 204z x2,122,122,122,, 225, 2.D13 ®Dy®D,

2324231220 2282 220 6 200 2289 4D 1 @D, 1, @Dy Where 5 < |b| = Y2, b, < 7 and by > 1.
2324237425122 200 228 220 XD o1y ®Dg_ 5 ®Dy; Where 5 < |b| = i, b; < 8 and by > 2.
204222802200 228 22" x 285 2D 4 1, @Dy p ®Do; Where 6 < |b| = X5, b; <8 and b, > 2.

o

In dimension eight (Xg) we have the sum of the following terms:

L3y Y3y Z71X 251 %251 %251%251%25,%D17,@Dy®D;.

20423 22, 227122712251 %Z51%Z512D1, @Dy ®D; .

o 25,423,425y Z 220D 220V x 20 2 29 x Dy ®Dy_ 1, ®Dy; Where 8 < |b| = X7, b; <9 and b, > 4.

o 280y z Dz g0y 703 4 700 4 209 £ 206 Dy 1 ®Do_1 ®Dy; Where ¢, +¢, =3, 9 < bl = X8, b; <
9 and b, = 4.

o Z5,423:182 0 220D 2 200 2280 £ 209 x 280 4D 4 1p| @Dy p @Dy Where 6 < |b] = X6, b; <7 and by > 2.

o 25,4 Z3,923122 228D 220 6 200 2259 4D 1 ®Ds_ 1 @Dy Where 6 < |b] = Y5, b, <8 and by = 2.

o 2947522282 2709 x 700 2 709 x 700 1D 1p| @Dy ®Dy; Where 7 < [b| = X, b; < 8 and by > 2.

o In dimension nine (X,) we have the sum of the following terms:

® 232y 231825182918 221%221%221%221%2212D1;QDy®D; .

® Z32%232%232?/’22(?75221xzz1xzz1xzz1xzz1x7318 ®Dy®Dy

o 25,4 Z3,923152 228D 220 6 200 2209 x 200 1D L 1 @Dy ®D, Where 7 < |b| =35, b; <8 and
b, = 2.

® Zs(;)%zslzzz(i)xzz1xzz1xzz1xzz1x221x221x2)18 ®D,®Dy.

o Finally, in dimension ten (X,) we have:
2
b 232%232%231322(1)952215“221xzz1xzz1xzz1xzz1xD1s®Do®Do-

3. THE LASCOUX RESOLUTION

The terms of the Lascoux complex are obtained by the determinantal expansion of the Jacobi-Trudi matrix of the partition
[1]. The positions of the terms of the complex are determined by the length of the permutation to which they correspond,
[2].

In the case of the partition (9,6,3) we get the following matrix:

DyF DsF D F
DigF D¢F D,F
D1F D,F D3F

Then the Lascoux complex has the correspondence between its terms as pursues:
DoF @ DgF @ D3F <« identity.

D1oF ® DsF ® D3F < (12).

DoF @ D;F @ D,F ¢« (23).
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Di10F  D,F ® D, F < (123).
D,,F ® DsF @ D,F < (132).
D,,F @ D.F ® D,F « (13).

Thus the resolution of Lascoux in the case of the partition (9,6,3) has the formulation:
D11 F @ D:F Q D,F D1oF @ D:F Q D3F
DllT ® DGT ® D]_T — @ — @ — DgT ® DéT ® D3T
D10F Q@ D,F ® D, F DyF ® D;F @ D,F

4. THE OUTCOME

As in [2], we exhibit the terms of the complex (2.1) as:

Xo =Ly =M,
X; = Li®M;
X, = L,OM,
X3 = L3®M3

Xj =M ;for j =45, ..,10,
where L, are the sum of the Lascoux terms and M, are the sum of the others.
Now, we define the map a,: M; —— L, such that

8r,00 ° 01 = Saeymy ...(4.1)
As follows:

. Zz(i)x(v) '_’% 251202, (v); where v € Dy; @ Dy ® D3
« ZRx(v) 3 212057 (v); where v € Dy, ® D; ® D
* Z{P2(v) 1 Z,1 %057 (v); where v € Dy3 ® D, ® Dy
R Zz(i)x(”) ,_,g zmxaz(i’)(v); where v € Dy, ® D; ® Ds
© 20 2(v) > = Z, %057 (v); where v € Dys ® Dy ® Dy
e 2Py ) ._>§ 232405, (v); where v € Dy Q Dg ® D

e 20y v) ._>§ 23,402 (v); where v € Dy @ Dy ® D,

It is clear that o, satisfies (4. 1), then we can define:
01:L; — Ly as 0; =64,
At this point, we are in a position to define:
0,: L, —— Ly by 0, =08;,0, +01°8,,,

Lemma (4.1):

The composition 3,3, equal to zero.
Proof:
0105(a) = 61,1, ° (8,,(@) + (0 © 8,00,)(@) )

= 07,10 °0c,0,(a) +6.,1,° (01 06,,)(a).

But &8, © 01 = Sy, then we get:
010,(a) = 8,1, °01,,(a) + Sar e, © Oy, (@)
By properties of the boundary map & we get 0,0, = 0

We need to define the map o,: M, —— L, such that
Oy, +01°0nn, = (5L2L1 +oy0 ‘SLZMI) ° 0, 2
As follows:
® Z,1%Z5,2(v) — 0; where v € D;; ® D, Q Ds.
e 2P x2,,2(v) — 0; where v € Dy, ® D; ® Ds.
. anzz(i)x(v) — 0; where v € D;, ® D3 & Ds.
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. Z(g)xzmx(v) — 0; where v € D;3 & D, ® Ds.

. 2,’21:\42(3)96(1]) — 0; where v € D13 @ D, @ Ds.
e 2P %7 x(v) — 0; where v € D;; ® D, ® D

e 2WxZ,,x(v) — 0; where v € Dy, ® D; ® Ds.

2,122 x(v) — 0; where v € Dy, ® D; ® Ds.
e 2922 x(v) — 0; where v € D;, ® D; @ D;.

. Zz(i)xzz(i)x(v) — 0; where v € D;, @ D; ® Ds.

. Zz(i)xzmx(v) — 0; where v € D;5 @ Dy ® Ds.

o 2,223 2(v) — 0; where v € D;5 @ Dy ® Ds.

e 2922 x(v) — 0; where v € D;5 ® D, ® Ds.

e ZWx 2P x(v) — 0; where v € D;5 ® Dy ® Ds.

. Zz(i)xzz(i)x(v) — 0; where v € D;5 @ Dy ® Ds.

* Z32y22(i)x(v) H% Zsz’y*zz(i)xau(v)' where v € D;; ® Dy & D,.

* 23,4257 2 (V) > = Zy,p 2 %05 (v); where v € Dy @ D3 @ D,

* 2329257 %(v) — — ZypuZ5; %05y (v); where v € Dy, @ D, ® Dy

o Z3Z/y)Zz(?)x(v) — % Z3zyzz(?xa(4)(v) where v € D15 @ D; ® D,.

* 2524257 x(v) = o ZypuZ5; %053 (v); where v € D ® Dy ® Dy

 ZooyZay(V) — 0' where v € Dy @ Dg & D;.

o Z(z) (3)75(77) (Z32/yJZZ(i)x631(v) 232’9’23156(2)(U)) where v € Dy, Q@ Ds Q D;.

e 2Py 7MW x(v) —— Z32y221 ) 20,103, (V) — Z32y231z621)(v) ;Where v € D;3 @ D, ® D;.

. Z(z) (S)x(v) = Z32y22(f)x6(2)631(v) - %Znyzuzaz(?(v); where v € Dy, @ D3 ® D;.

. Z(z) (G)x(v) - Z32y22(f x6(3)631(v) — %Znyzuzaz(i)(v); where v € D;5 @ D, ® D;.

. Z(z) mx(v) — Z32y22(i)x6(4)631(v) - %Z3zyz31z62(?(v); where v € Dy @ D; ® D;.

. Z(Z) (8)x(v) — E Z32yzz(i)x6(5)631(v) - 12329231,302(?(17); where v € Dy; ® Dy Q D;.

e 20 42.,4(v) — 0; where v € Dy ® Dy ® D,.

. Z3zyzg)y(v) — 0 where v € Dy ® Dy Q D,.

. Z(g) (4)x(v) — = Z32y22(?x6(2)(v) — —Z32y;22(i)x6(2)0(2)( ) —
> 23,423,505 032(17) where v € D;3 ® D ® D

° Z(g) (5)75(17) = 232%2(2)956216(2)(17) - —Z32/y,22(?x6(3)6(2)(v) - ‘232#2313621 032 (v);
wherev € D1, ® D4 ® Dy.

® Zs(g)%zz(i)x(v) . %Zszyzz(?xaz(i)a(z)(v) Z32yaZZ(i)x02(i)0(2)(v)
lz32yz31za§§)a32(v)- where v € D;5 ® Ds ® Dy.

* 2(3)%22(?75(77) 3 Z32/y»Z(2) 62(?6(2)(1;) - _232’54*22(? 62(?6(2)(1]) - _232%2315621 032 (v);
where v € D¢ ® DZ ® D,.
« Z04ZPx(W) = =20y 2 %0 0 () — = 22,9257 2057 03,05, (v), where v € Dy, @ Dy @ Dy
« 2342 xw) — — z32yz§? 23208 (v); where v € Dyg @ Dy ® D

. Zéi)yzmz(v) — §Z32yz31z632(v), where v € D1y & Dg ® D,.

Proposition (4. 2):
The map o, defined above satisfies (4.2).
Proof: We can see that for some terms:

. (5M251 +0,0 6M2M1)(221x221x(v)); where v € D;; @ D, ® Dy
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=0 (ZZZ(?x(v)) — 21205, (v) = %Zuxam(v) — 251205, (v) = 0.

[ (6M2L1 + 0q° 6M2M1) (Zz(i)xZZ:lx(v)), Where v E Dlz ® D3 ® D3
3
=0 (322(?95(77) - Zz(?xau(v)) = 5221906(2)(17) 221x621621(17) =0.

* (8atyz, + 010 a0, ) (287 22 x(v) ); where v € D3 ® D, @ Ds
=0 (622(‘;)x(v) — Zz(i)xa(z)(v)) = —2'21x6(3)(v) — —221x621621 wv) =0.

¢ (830,6, + 01 0 Br,00,) (2572257 2(v) ); where v € Dy, ® D, ® D,
=, (1oz§§)x(v) Z2®x 6(2)(17)) = 2 25,205y (v) — £ 2312057 (v) = 0,

¢ (830,6, + 01 ° 63,00,) (2329257 2(v) ); where v € D, ® D, ® D,

=0 (Zz(i)xasz(v) + Zz(i)xam(v)) - Zsz%az(i)(v) = %meaz(?agz(v) + %22155621631(”) - Zszy*az(i)(v)-
And

(5L2L1 +oy0 5L2M1) (1232#22(??5621(77))

= ‘01 (221 x621832(v) + Z(z)x631(v)) + %2"2195631621(17) - Z32y;62(i)(v)

1

—5221x6 032(17)+ 22175621631(”) Zsz%az(i)(v)-

* (8ryz, + 01 ° 8y, ) (Z324Z3,4(v)); where v € Dy @ Dy ® D,y
=01 (2 23(??}(77)) — Z3,403,(v) = 2232%632(77) — Z3,403,(v) = 0.

o (8rye, + 010 Sgyary) (Zs(é)’y‘zz(i)x(v))' where v € Dy, ® Ds ® D,

= 0, (2203 W) + 25 203,051 (1)) + 2120 (W) — 0y (zg)ya@(v))
_221 6(2)6(2)( ) += 22195621632631(17) + 221x631)(v) - _Z32”£4*a32 21)(77)

And

1 1
(5L2L1 +oy0 5L2M1) (§Z32yzz(i)x631(v) - 5232?/’231562(?(”))
=01 (lzz(i)xaszam(v)) + 12’21x631631(v) - l2215502(?031(77) — 0 (12355)96216(2)(”)) + Zz1 633)0(2)( ) +
Z32y031621 w) = Z217562(?6(2)(77) +3 Z2195621632631(77) + 221x631)(v) - ‘232%632621 ().

o (8ayz, + 01 ° Saeynry) (Z(?@;Z(B)x(v)); where v € D;; ® Dy ® D,
= 22008 (v) + 237 205305, (v) + 0y (+257 207 (v) — 290 W) = 225,207 07 (v) — 2 234032053 (v).
And
(82,0, + 01 °82,5¢,) (16823zyz(z)xa(5)a31(v) — = 23,423,205, (v)) = — 0, (27205,0 05, (v) +
22320570 () + = 25,205,053 051 (v) —
2 2,900050, () - 0, (228290, 00 ) + 12,200 ) + £ 2,090,105 )
= 22,,205057 (v) = 5 Z3,403,05 (V).

¢ (30,, + 010 G200, (2 §?yzszy(v))- where v € Dy ® Dy ® Dy
=01 (3234 ) - 23 405,1)) = 12,40 (v) — 225,403 (v) =0.
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¢ (B10,2, + 01 ° Br,00,) (2559257 2() ); where v € D3 ® Ds ® D,
=0 (Zz(‘;)xa(3)(v) + Zz(i)xa(Z)au(v) + Z(Z)xa326(2)(v)) + zuxa(” W) —oa (Zgg)y6(4) (v))
= 2,120 03 (W) ++ 221x6(2)8(2)831(v) + =251 %051 05,057 (v) +
221x6 (V) - Z32’y’a(4)a(2)(v) - Z32y821 032031 — _232%6(2)6(2)(17)
And
(5L2L1 t010 5L2M1)( Z32y22(i)x6(2)(v) 2,'32@22(?906(2)6(2)(17) - —23292315621 632(17))

=0 (%zz(?xana(”(v)) += Zle631631 ) - -zgzya(”a(”(v)
20, (287 20:,0 03 () + 257202105105 (1)) — £ Z31205,05 03 (v) +
Z32y6(4)6(2)(v) 01 (2282901000, 0)) + 12,202 000:,0) +  125,90:1080,,(0)
=25, %057 05 (v) + 3 Zlea(2)6(2)631(v) + —221x621632631)(v) +
221x6 (U) - ‘232%6(4)6(2)(17) - Z32y621 032031 — —Z32y6(2)6(2)(v).

o (8rye, + 010 Sgyary) (Zs(.i)yzz(?x(w); where v € D3 @ Dy & Dy

= 2020 (v) + 2D %053 05, (v) + 257 20,05 (v) + 0, (272057 (v) — 23y ()
£ 21205707 (v) — 5 Z3y 057057 (v).

And

(87,0, + 010 6L2M1)< Z3zyz(z)xa(5)a(2)( ))

= 0 (5205032000 0)) + 5 20020310005 ) - 5 20905050 ()

= 2212053 047 (v) — zgzyaﬂ)a@)(v) Zux aﬁi)c')(” W) = 3259057057 ).

¢ (83,2, + 01 ° 630,00,) (25 9Z515(v) ) where v € Dy, ® Dy ® D,

=01 (Zg(i)yau(v)) - 221956353)(17) — 01 (Zg)%am(v)) = §Z32y;03(§)621(v) - Zz1xa$) () —% 232403703, (V).

And

(5L2L1 +oy0 5L2M1) (%Zny’zsﬂasz(v))

=01 (ézs(?%auasz(v)) - l2721956(2)632(17) - 127_?.2”54*631632(17)

= %232’%03(?021(77) - 221.96(3(3)(17) -3 Z32’y)632631(v)

Now by employ o, we can also define
63:L3 —)Lz as 63:5L3L2+O-2°5L3M2

Lemma (4.3):
The composition 3,05 equal to zero.
Proof:

0,05(a) = (8£,2,(a) + (01 © 81,36,)(@)) © (82,2, (@) + (0 © B0, (@) )
= (8r,z, ©Oryr,)(@) + (Bp,z, © 020 8,00,)(@) + (01 ° 8p,r, © 02 © Opynr,)(@).
But 6£2L1 ° 0, + gq © 6L2]V[1 ° 0, = SMZLI + 0y ° 6M2M1 SO we get:
0,05(a) = (8,1, © 0r,,)(@) + Oy, © Or,,)(@) + (010 81,z, © 6r,0,)(@) (01 © Saryaey © Or,00,)(@).
By properties of the boundary map & we get d,0; = 0
We need the definition of a map o5: M3 —— L5 such that
Onzr, + 020000, = (5L3L2 +oy0 5L3MZ) ° 03 3)
As follows:
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® Z51x%Z51xZ5,2(v) — 0; where v € Dy, ® D3 & Ds.

. Zz(i)mexZle(v) — 0; where v € D;3 ® D, ® Ds.

. Zuxzz(i)xzﬂx(v) — 0 ;where v €D;3 ® D, Q Ds.

. Zuxzmxzz(i)x(v) — 0; where v € D;3 ® D, Q Ds.

e 23x2,,22,,2(v) — 0; where v € D;, ® D; ® D;.

2,225 22,5, 2(v) — 0; where v € Dy, ® D; ® Ds.

* 2,122,122 x(v) +— 0; where v € Dy, ® D; ® Ds.

. Zz(i)xzz(i)xzﬂx(v) — 0; where v € D;, ® D; ® Ds.

. Zz(i)xzmxzz(i)x(v) — 0; where v € D;, ® D; ® Ds.

. Zuxzz(i)xzz(i)x(v) — 0; where v € D;, ® D; ® Ds.

e 2MxZ,,22,,2(v) — 0; where v € D;5 ® Dy ® Ds.

 2,122P 22,,2(v) — 0; where v € D;5 ® Dy @ D;.

* 2,122,122 D x(v) +— 0; Where v € D;5 ® Dy @ D;.

e 2Px2P xZ,,£(w) — 0; where v € D;5 ® Dy ® Ds.

e 2%, 222 x(v) — 0; where v € D;5 @ Dy @ D;.

e 2P 2P x2,,£(v) — 0; where v € D;5 ® Dy ® Ds.

. Zz(i)xznxzz(i)x(v) — 0; where v € D5 @ Dy ® Ds.

. anzz(?xzz(i)x(v) — 0; where v € D5 @ Dy ® Ds.

. anzz(?xzz(i)x(v) — 0; where v € D5 ® Dy ® Ds.

e 2P x2P x 7P (1) — 0 ; where v € D;5 ® Dy ® Ds.

¢ 20,420 x2,,2(v) — 0; where v € D;, @ Dy ® D,

¢ 20,42 x2,,2(v) — 0; where v € D3 @ Dy ® D,

. Z32yzz(?xzz(i)x(v) — 0; where v € Dy3 @ D3  D,.

. Z32yzz(i)x221x(v) +— 0; where v€D;, ® D,  D,.

. Z32yzz(?xzz(i)x(v) — 0; where v € Dy, ® D, ® D,.

. Z32y22(i)xzz(i)x(v) — 0; where v € D1, ® D, ® D,.

¢ 20,42 %2, 2(v) — 0; where v € Dys @ D; @ D,

e 20,4222 2(v) — 0; where v € Dys ® D; @ D,.

e 22,420 x2M 2(v) — 0; where v € D;5s ® D; @ D,.

e 22,4222 2(v) — 0; where v € D5 ® D; @ D,.

e 22,420 x2,,2(v) — 0, where v € D;s @ Dy ® D,

e 20,420 x2P 2(v) — 0; where v € Dy @ Dy @ D,

e 20,4222 2(v) — 0; where v € Dy @ Dy @ D,.

e 20,420 223 2(v) — 0; where v € Dy @ Dy @ D,

e 22,4222 2(v) — 0; where v € D;s @ Dy @ D,.

° Zsz’y*zsz%zz(i)x(v) — _§232%Z31z221x621(17); where v € Dy; Q@ Ds @ D;.
¢ 202922y Z P x(v) > — éznyzmzzmxaé?(v); where v € D;; ® D, ® D;.
. Z32y,232922(i)x(v) = _%232%23152219562(?(77); where v € Dy, ® D3 Q D;.
. Z32yz32y,22(§)x(v) — —%Znyzmzzuxaz(?(v); where v € D1 ® D, Q D;.
. Z32yz32/g,22(z)x(v) — —iz”yzmzzmxaz(?(v); where v € D1, ® D; Q D;.
. Z32yz32y,22(f)x(v) — —%Z”yZmzZuxaz(?(v); where v € D1, ® Dy & D;.
e 2Py 73 22, 2(v) — 0; where v € D;; ® D, ® D;.

e 2Py 7222, 2(v) — 0; where v € D, ® D; ® D;.

e 2Py 723 22® x(v) — 0; where v €D, ® D; ® D,
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e 2Py 7222, 2(v) — 0; where v € D5 ® D, ® D;.
« 2042 %2 x(v) — 0; where v € D;5s ® D, ® D;.
. Z(Z)yz(g)xz(z’)x(v) — 0; where v € D5 ® D, ® D;.
e 2P 479 x2, 2(v) — 0; where v € Dy ® D; @ D;.
e 2Py 75 22® x(v) — 0; where v € D,y ® D; @ D;.
e 2P 47z 223 x(v) — 0; where v € D,y ® D; ® D;.
. Z(Z)yz(g)xz(4)x(v) — 0; where v € D, ® D; ® D,.
e 2Py 7 x2, 2(v) — 0; where v € D;, ® Dy ® D;.
e 22420 22® x(v) — 0; where v € D;; ® Dy ® D;.
. Z(Z)yz(s)xz(z’)x(v) — 0; where v € D;; @ Dy ® D;.
e 2Py 7z 22® x(v) — 0; where v €D, ® Dy ® D;.
« 2042 x2x(v) — 0; where v € D;; ® Dy ® D;.
® 2oy Ty Z3oy (V) — 01; where v € Dy ® Dy Q D,. )
M Z(z)yz32y,z(4)x(v) = EZ32/yZ31z221x621631(v) - 1232/54,23@2-'219062(?632(17); where v € D;3 ® Ds &® Do.
1 7
M Z(z)%zn?}z x(v) — 5232%23152219562(?)631(”) - 5232%23152219562(?632(”); where v € Dy, ® Dy ® Do.
1 1
® 23(2)%232%2(6)90(77) — 5232’%23152217562(?631(77) - EZ32%Z3152217¢62(?632(U); where v € D;5 ® D3 ® Do.
1 3
o Z(z)%zn?}zmx(v) — 52’3292’3@2219662(‘1})631(17) - 70232y231z221x62(i)632(v); where v € D ® D, ® D,.
1 5
o z§2)y,z32y,z(8)x(v) — _232%23152219562(?)631(77) - _232%23152219562(?632(17); where v € Dy; @ Dy ® Do.
. ngz)y)Zny)Z x(v) — Z32yZ31ZZZIx621 05, (v); where v € D13 @ Dy ® Dy.
o Z3zy)Z(2) (4);\:(17) — — Z32yZ31ZZZIx621 05, (v); where v € D153 Q Ds Q Dy.
o Z3zy)Z(2) (s)x(v) — — Z32yZ31ZZZIx621 03,(v); where v € D1, @ D, ® Dy.
. Z3zy)Z(2) (G)x(v) — — Z32yZ31ZZZIx621 03, (v); where v € D15 @ D3 Q D,.
o Z3zy)Z(2) mx(v) — — Z32yZ31ZZZIx621 0, (v); where v € D1y @ D, ® Dy.
o Z32y2(2) (B)x(v) — — Z3ZyZ31Z221x621 05,(v); where v € D,;; ® D; ® D,
e 23,4204z x(v) — o where v € D;5 ® DO ® D,.
1
ZS)/y;ZZ(;})xan(v) — —;Z3Zyz3lz221x621 931 (v) — 1_8232%23152217562(?632(1}); where v € Dy, ® Dy ® Do.
1 1
M ZS)/y;ZZ(i)xan(v) = —EZ32/y)Z31z221x62(?631(v) - 4_5232%23152217562(?632(7]); where v € D5 ® D3 ® Do.
1 1
® Zég)yzz(i)xzz(?x(v) = = §Z32yz31z221x62(i)631(v) - 32329231,32219662(?632(17); where v € D5 ® D3 ® D,.
1 1
® Zs(g)%zz(i)xzmx(v) = _5232%23152217562(?631(77) - 5232%23@2215“02(?032(”); where v € D16 ® D, Q D,.
2 2
® Zég)yzz(i)xzz(?x(v) = = 5232%23152217562(?631(77) - Ez32”y*Z31ZZz1xaz(i)a32(U); where v € D6 @ D, @ Do.
2 1
. Zég)yzz(i)xzz(i)x(v) — - §Z32yz31z221x62(‘;)631(v) - —Z32y,Z31z221x62(i)632(v)' where v € D15 ® D, @ D,.
1
° Zé;)’y»zz(i)x221x(v) > _EZ32’y)Z3lzerxaz(i)a31(v) - _Z32y231Z221x621 632(7]) Where v E D17 ® Dl ® Do.
1
° Zéi)’y»zz(i)xzz(i)x(v) — — EZ32’y)Z31Z221x62(2)631(U) - 1_8232’y)Z31Z221x621 632(7]); Where v E D17 ® Dl ® Do.
° Zéi)’y»zz(i)xzz(i)x(v) — — 22329231Z221x62(?631(v) - %Z32%Z31Z221x62(i)a32(7]); Where v E D17 ® Dl ® Do.
. Zéi)yzz(‘;)xzz(i)x(v) — —%232923132219662(?631(17) — gzny,zmzzmxaz(?agz(v); where v € D;; @ D; & Dy
(3) (8) .
0 25425, %251 2(v) — 0; where v € Dig @ Dy & Dy.
2 7
® Zég)’y’zz(Z)xzz(i)x(v) = = EZ3ZyZ31z221x62(?631(v) - EZ32’9»Z31ZZZ15‘¢02(1)332(U) ;where v € D13 @ Dy ® Do.
® zéi)yzz(?xzﬁ)x(v) = = %232%23152219462(?631(17) - 2232#23@2217562(?632(”); where v € D13 @ Dy  D,.
10 35
[ ] Zéi)’y)zz(i)xzz(i)x(v) — — ?Z32%Z31Z221x62(?)a31(v) - TBZ32y'Z31Z221va(Z)632(U); Where % E DIS ® DO ® Do.
5
® Zég)y’zz(i)xzz(i)x(v) = = 5232’54*23152219462(?631(17) - 2232@/*23@2217562(?632(”); where v € D1g ® Dy ® D,.
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o Z32y,Z31zZZ(?x(v) — §Z32yz31z221x621(v); where v € D, ® Ds Q D;.
o Z32/y,Z3lzZZ(?x(v) — %Z3ZyZ31z221x62(?(v); wherev € D3 ® D, ® D;.
o Z32/y,Z3lzZZ([i)x(v) — %z3zyz31zzzlxa§?(v); where v € D;, ® D3 ® D;.
. Z32y231z22(i)x(17) — 1—15232y2'31z221x82(?(v); where v € D15 @ D, Q D;.
o Z32/y,Z3lzZZ(?x(v) — iznyzuzzzlx@z(i)(v); where v € D4 @ D; ® D;.
o Z32/y,Z3lzZZ(Z)x(v) — %z3zyz31zzzlxa§?(v); where v € D;; Q Dy Q D;.
® 23,y Z3,42312(v) — 0 ; where v € Dy ® Dg ® D

o Z(Z)yzmzz(z)x(v) — §Z32y231z221x631(v)' where v € D, @ Dy Q D,.

® Z(Z)y)Zg,lzZZ(l)x(v) — 22'32@231,8221;\4621831(17) %232’9’23152217562(?632(”); where v € D;3 ® Ds & Dy.

o z§2)yz31zz§1)x(v) — lznyzmzzmxam 05, (v) — %Z32y;2'31z221x62(?632(v); where v € D1, @ D, ® D,.
. Z(z)yzg,lzzz(l)x(v) — = Z32y231Z2'21x621 05, (v) — 15 Z32y)Z31Z221x82(‘10632(v); where v € D;z ® D3 @ D,
o Z(Z)yznzz x(v) — Ezgzyzmzznxam 05, (v) — %Z3zy»231z221x62(?632(v); where v € D16 ® D, ® D,
. Z(Z)yznzz x(v) — 1—153232@231,82219062(?631(17) - %Z32y»231z221x62(?632(v); where v € D;; @ D; @ D,.
. Z(Z)y)anZ x(v) — %Znyzglzzmx@é?)@gl(v); where v € D3 ® Dy D,

Proposition (4.4):

The map o5 defined above satisfies (4.3).
Proof: We can see that for some terms

(6M3L2 +0,0 5M3M2)(221x221x221x(v)); where v € D, @ D3 Q D4
= 0y (2 ZZl xZle(v) -2 221702(2)5\?(17) + 2215\?22196621(17)) =0.

° (6M3£2 + 0, © 6M3M2) (Zlezz(i)xZZ]_x(v)), Where v E ﬂ13 ® DZ ® D3
=0, (3 Zz(i)xznx(v) -3 Zuxzz(i)x(v) + anzz(i)xan(v)) =0.

L (6M3L2 + 0-2 o] 6]\/[3]\/[2) (Z329232yvzz(i)x(v)), Whel’e v E D13 ® D4 ® Dl

=02 (2 Z?E?%Zz(?x(v) - Zszy*zz(i)xasz(v) - Zsz%zz(i)xam(v) + 232923214»02(‘;) (17))
1 1

= —EZ32yZ§i)x021631(v) - 5232%231562(?(17) _% Z324,,122(i)x62(?632(v).

And

1
(5L3L2 toye 5L3M2) (‘ ‘232%23152219562(?(17))
=0, ( 22175221756(2)6(2)(17)) - = Z3ZyZ(2)xa326(2)(v) + 0, ( 232923290(2)6(2)(17)) - - Z32y231z0 (17)
= —EZ32y221 20,103, (v) — 5232%2315021 ) - P Z32%Z§i xaz(i)asz(v)-

L] (5M3L2 + g, © 6]/[3]/[2) (Zg(é)yzz(i)xZZ]_x(U)) Where v E D13 ® D4 ® ﬂl
= 0,(25) 121205 (v) + 237 025120035031 (V) + Z310Z5,2057 (v) — 4 ZYZV 2(0) + 292 %05, (v))
= —5232925?75621631(1;) + Zszy»zslzan () + §Z32#ZZ(1 %03105,(v) — §Z324J»Z313321 (v)=0.

* (8atyz, + 02 ° Oaeyne,) (23(?@232@,122(‘;%(17)); where v € D;; @ Ds ® D,
= 0,323 yZPx(w) — 2342 Px05,(v) — 25 Y2205, (v) + zg?yzgzya(") @)
‘Z32%Z(2) 6(2)(17) - —Z32y,Z(2) 62(?6(2)(1;) - ‘232%‘2315621 03,(v) — 2 Z32%Zzi)xaz1a3za31(v) +

gzszyzsﬂau 031 (v).
And
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(5L3L2 toye 5L3M2) (§Z3zyZ31z221x621631(v) - %232%23152219562(?332(”))
= 0, (—%mezmxag)auan(v)) + % Z32y22(?x632621631(v) + P (%Z3Zyaz32/g,62(i)621631(v)> +
% Z324231502102103, (V) +

) (%221952219563(?02(?632(17)> - % Z3Zy'zz(i)xagzaz(i)agz(l7) +

1 1
0, (1232’32232%6(2) (2)632(17)) -7 Z32%Z31Z82162(i)632(17)
1
—Z32y,22(?x0(2)(v) - —Z32y,22(i)x6(2)6(2)(v) - ‘2329*2315621 03,(v) — =z Z32y,22(i)x621632631(v) +
32%”2313621 031 (v).

1
3

. (5M3L2 +0,0 5M3M2) (Z32yZ(Z) (S)x(v)) where v € D;; @ D; ® D,y
= 0y (3 Z(S) (8)90(17) Z32y,22(?)x6(2)(v) 232%221 x632631(v) Zgzzy,Zz(f)xa(z)(v) + 25y Z(z) (8)(77))
= —Z32y)Zz(i)x0(4)6(2)(v) Zszyzz(i)xa(:;)aszam(v) Z32y;22(?x6(5)032031(v) Z32y,2'2(?x0(4)0(2)(v) =0.

° (6]/[3,62 + 0, © 6M3M2) (Z32yJZ3(§)/y»ZZ(3)x(U)) where v € ﬂ17 ® ﬂl ® DO

=02 (3 Zéi)yzz(?)x(v)) - Z32/yZ(9) 6(2)(17) ) (232%221 203,03, (V) — Z32’y*zz(z)xa3(i) (v) + Z3,9 23(2)’5}6(2)(”))
3

= 2 22 %0505 (v)  — 2592 405y 05 (v) = 0.

° (6]/[3,62 + 0, © 6M3M2) (Z;z)’yvzz(i)xZZ]_x(U)) where v € ﬂlzl- ® D4 ® DO
=0, (Zz(‘;)xznxa(z)(v) + Zz(i)x221x632)631(v) + Z x221x632631) v) +
221;\5221;\:6( (v) — 523(3)@2(5)90(17) + Z(3)yz(4)x621(v))
=— —Z32yZ(2)x6216(2) (w) — —Z32y22(§)x6(3)6(2)(v)
;Z32%Z31zaz1 03, (v) — EZ32yZZ(?x621 03203, (V) — 52329*231562(?631(17)-
And
-1 1
(6L3Lz +0y0 51;3]\/[2) (_2329*23152219562(?631(17) - EZ329*Z31Z2215V02(?032(V))
= 0'2 ( 22196221%632)6(2)631(17)) - Z32yz xa3202(i)a31(17) +
( Z32yZ32y6(2)6(2)631(v)) s Z32y,Z31562162(i)631(v) +
0, (_221752217563(2)62?632(V)) _% Zszy*zz(?xawaz(i)aw(v) +
( Z32yZ32y6(2)6(3)632(v)) —-= Z32%Z31Z‘32162(i)a32(v)
= —2Z,92]; xama(”(v)——zgzyz(” 05703 (v) -
9232#2313621 03,(v) — 32329*221 02(?632631(17) - §Z32”y*z3lzaz(i)a31(v)-

(5M3£2 toy0 5M3M2) (23(2)’9‘22(? Zz(i)x(v)); where v € D;; ® Dy & D,
= Zz(i) Zz(i) a§§)(v) + 0, (2(4) Z(3) 6(2)631(17) + Zz(i) Zz(i)xana(z)(v) +
zPxz 205 ) - 562392V x(v) + 27 9217 20 )
——Z32yz(2) 62(‘1’)6(2)(17) - —Z3ZyZ(2) 62(?6(2)(17)
Z32%231zaz1 03, (v) — —Zsz’y*z(z) 6(5)632631(17) - ?232’9*231382(?331(17)-
And
(51;31;2 +0y0 5L3M2) (%52329*23122219562(?631(77) - 3232’9»23152215‘582(?632 (17))
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= o, (gzuxzmxag?az(f)am(v)) ~ 225,420 x0,0{00:, (v) +
02 (220925290003, 0) ) = 223,9.23,201087 05, () +
02 (gzzﬂczzﬂcasg 62?)632(77)> - % Z32yZ§i)x6326§?)632(v) +
02 (2 23292329051 2oy 6)632(77)> -2 Z32yZ31z62162(?032(v)

= — 25425 20503 (v) - zgzy,zz(?xa@a(”(v) = Z304%51205; 03,(v)
7
—;Z32/y,22(i)x621 032031 (v) — 3 232%2315621 031 (v).

o (8aeyz, + 02 © Sacyr,) (Z32yZ31ZZ(2)x(v)) - where v € D;, ® Ds ® D,
=03 (Zs(?/y,zz(i)x(v) - ZleZ(Z) 6(2)(77) + 23214*221 xasz(”) - stz!sfaz"sz’é’*a (‘7)) + 232%2313621) (v)

= %’232%221 x03,(v) + 2232’9)2315621)(17) + §Z32y221 x321a32(17).
And

1
(5,53,52 +0y0 5L3M2) (5232%231Z221x621(17))
1 1 1 1
=02 (_5221752217533(;)321(”)) +§ 2'32@22(?96632621(17) ) (g 232/51,232@62(?621(1])) + 3 Z3,9231%0210,1 (V)
= izszyzz(i)xasl(v) + 2232%231562(?(17) + §Z32y;22(?x621632 ).

* (8ryz, + 02 © Sy, ) (Z324Z3242Z312(v)); Where v € Dyp ® Dy ® Dy
=0, (2 23(2)92315(77) —2Z3,9232(v) + Z32yZ32y631(v)) =0.

. (6M3L2 + 0,0 5M3M2) ( 32 yzmzz@)x(v)) where v € D1, ® D @ Dy
= 02(—221x22(i)x6(2)(v) + Z(Z)xZ(3)x632(v) + Z(Z)y,zﬂy,am(v) + Z32/y»231Z6 (v))

1
= 5232@/22(?96832631(17) + §Z32yz315621631(v).
And

1
(6L3Lz +o0y0 5L3Jvtz) <§Z3zyz3lz221x631(v))
1
=0, (_5221752217563(;)631(77)) +§ Z32y2§i)x632631(v) -

1 1 1 1
03 (5 232%232%62(?631(17)) +3 Z3,4231307103,(v) = 52329*22(?’5632031(”) + §Z32#2313621031(V)-

° (6M3L2 + 0-2 o 6]\/[3]\/[2) ( 32 9231ZZ(8).’X:(U)) Where v E DlB ® DO ® DO
=0, (623420 x(w)) - zuxzz(?xa“)(v) +0,(ZD Y2 205, — 23 4Z30905 ) + 2 42312057 ()
—Z32y22(i)x6(5)6(2)(v) +3 Z324J*Z31Zaz1 032 ().
And
1 (6)
(5L3L2 t+0oy0 5L3M2) (_232%231522195521 d3:(v) +
= 0'2 ( 22176221.9(16 2)6(6)631(1])) + 232’%2;?).’”832821 831(17)

( 232%232%6(2)6(6)631(77)) + = Z32%Z31Z621621 031 (v) —
( 221352219603(?6(7)632(17)) +—= Zsz’%zz(i)xanam 03,(v) —

( 232%232%6(2)6(7)632(17)> += Z3zyZ31z621821 03,(v)
= —z32yzz(§)xa(5)a(2)(v) + - Z32/QLZ315621 03:(v) .
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Eventually, we define the boundary maps in the complex:
a ] ]
0 Ly— L, — L, ——Ly; (4)

where 9, is the operation of indicated polarization operators, d,, d, and d; defined as follows:
° 61(221.’)6(1))) = 621(17), Where v E D].O ® DS ® D3.
L 61(232’%(17)) = 632(17), Whel'e v E Dg ® D7 ® Dz.
1
d 62(232%”22(?95(77)) =3 Z51%0,103,(V) + Zp1203, (V) — Zzz%az(i)(v); where v € D;; ® D5 ® D,.

1
©0,(Z3,423:5(v)) = > Z3,403,0,, (V) — Zz1x63f§)(17) — Z3,405,(v); where v € D,y ® D; ® D;.
® 03(25,423132512(V)) = Z32y22(?x832(v) + 23,423,120, (v); where v € D;; @ Dg ® D;.

Theorem (4.5):
The complex (4.4.4) is exact and in characteristic-zero gives a resolution of K ¢ 3y (F).
Proof:
First, we prove the exactness of the complex
03 02

0 L, L, L,
Since one component of the map 95 is a diagonalization of D, into D; ® D, it is clear that d5 is injective. To prove the
exactness at £,.
For this, we need to show that:
If v € ker (d,) then 3 w € L5 such that 9;(w) = v.
If 0,(v) = 0then3 (a,b) € L;BM5 such that
6(a,b) = (v,0) € LM, but
6(a,b) =6.,,(@)+6,,00,(@) + Oaryr, (B) + Sapyae, (B). SO we get:

Or,r,(@)+8n,,(b) = v (1),
and
5L3M2(az)+5]\/[3]\/[2(b) = 0 (2)

Now if w = a + o5(b) we can see that d;(w) = v in fact
0s(a) = 6,,,(a) + 0 °8,,2,(a), and

03(03(b)) = 8ag,z,(b) + 02 © Sagar, (b)), 5O

83(“ + Us(b)) =03(a) + 63(03(17))
= 8p,r,(@)+0, 06,00, (a) + Oayr, (D) + 02 © Spryae, (B)

= 61,0,(@)+620,2,(b) + 02 0 (8,06, (@) + gy, (B)):
Hence from (1) and (2), we get 95 (w) = v ; where w = a + 05(b).
This proves the exactness at £,.

As the same way we can prove the exactness at £;.
Finally, from Theorem (2.3.6) we get the complex:

0 Ly L, Ly Ly ‘7((9,6,3)(7:) —0,

iIsexact. m
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