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Article History
';Zf/el's‘;zd ﬁ gecri gggj The Weyl module resolution studied by Buchsbaum where the Weyl module %G, ,,(F) is the
Accepted 14 Nov 2024 image of the Weyl map &, ,,,(F) for the skew-partition A/p and F is a free module defined on a
Published 06 Dec 2024 commutative ring R with identity; where A runs over all partitions A = (A4, 25, ..., As). There are
Keywords a number of classical formulas that express the formal character of the representation £, (F) in

terms of standard symmetric polynomials. Such formulas are also valid for the more general
representation modules {£; ,,(F)} associated to skew partition A/p; where p < A, where the set
of all irreducible polynomial representations of general linear group GL,, (F) of degree = is
described by the module {£, (F)}

Capelli identities
reduction

resolution

eyl module The reduction from the terms of the characteristic-free of Weyl module resolution to the terms of
partition the Lascoux resolution found in this work for the partition (9,8,3) by using the boundary maps
@ (7) and prove that the sequence of the reduction terms is exact.

Er

1. INTRODUCTION

The terms of the resolutions for all shapes called class of almost skew shapes. This characterization is largely located on
the Bar complex framework, but a total characterization of the boundary map is still an open problem the researchers in
[1,2] studied that in details.

The authors in [3] presented the skeleton in the resolution of skew-shapes. Especially the terms of Lascoux resolution can
be recovered within the formulas approaching in [2,4]. Over and above the application of the outcomes aforesaid above, the
authors in [5,6] illustrated that by employing the letter place methods and place polarization in a symmetric way.

The authors in [7] studied the corresponding of Weyl module to the partition (2,2,2), the relationship between the
resolution of K, , »)F in the characteristic-free module and in the Lascoux mode. By this comparison, the characteristic-
free boundary maps are modified to obtain the obvious maps of the Lascoux case.

The techniques in [7] generalized by Hassan for the partitions (3,3,3), and (4,4,3) in [8,9] respectively, also authors in
[10-12] studied the cases (8,7,3), (6,6,4;0,0), (7,7,4;0,0).

The terms of characteristic-free resolution of Weyl module reduction to the terms of Lascoux resolution for the partition
(9,8,3) and prove that the sequence of these terms is exact in this work.

2. THE CHARACTERISTIC-FREE AND LASCOUX RESOLUTION

The terms of the resolution for the partition (9,8,3)
Res([9,8; 0)®Ds® Y,»0 2. Vy Res([9,8 + e + L e + 1])®Ds_,_,®
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26120,62261 Zé;zﬂ)ygéil“)ZReS([‘) + €1 +18+ € + 1; € — 61]) ® D3—(61+82+2)
So
3.0 53(;“)@ Res([98+e+1;e+1)D®D;s_,_; =
Z324 Res([9,9; 1) ®D,®ZPy Res([9,10; 2)) ®D, D2y Res([9,11; 3])®D,,
and
Ye,20,052e; g§32+1)y§§il+l)zRes([9 +e,+18+e,+1e,—D®
Ds—(erter+2) = Z324Z312Res([10,9; 0)) @D, BZ 5 4251 zRes([10,10; 11)®@Dy;
and
Ye,20,052e; g§32+1)y§§il+l)zRes([9 +e,+19+e,+ 16, —D®
Ds—(ertey+2) = Z324Z312Res([10,10; 0)) @D, BZ {5 4231 zRes([10,11; 1])®@Dy;
where Z5,4 is the Bar complex:
a
0— Zsy _y>z32 — 0,
2@y is the Bar complex:

()
3

a,
2 /y’_y’zéi) — 0,

a
0 — 23,423,y —Z
gé?y is the Bar complex:
Zg)’y)zn’%
a a a
0— Z32y,Z32/g,Z32y,i> D —y’>Z§§)%—y>Z$)—> 0,
232%23(;)1}
and Z5,z is the Bar complex:
]
0— 25,3 _z’zs1—> 0;
where x, ¢ and z stand for the separator variables, and the boundary map is d,, + d,, + 9.

Let Bar (M, A; S) be the free Bar module on the set S={ x, ¢, 3}; where A is the free associative algebra generated by
Z11, Z35, and Z5; and their divided powers with the following relations:
b b b b
2050 =202 ad 20z - 205
And the module M is the direct sum of D, ® D, ® D,- for suitable p, g, and #~ with the action of Z,;, Z3,, and Z3; and

their divided powers.
The terms of the characteristic-free resolution (4.3.1); where b, by, by, b3, by, bs, bg, b, 1, ¢, € Z7 are:

o In dimension zero (X,) we have Dy@®@Ds®D;.

o In dimension one (X;) we have the sum of the following terms:

o 2 xDy,,®Dg_,®D;; Where 1< b < 8.

* 2 4Dy®Dg.,®D;_p; Where 1< b < 3.

o In dimension two (X,) we have the sum of the following terms:

o 282z aDy, ), ®Dg_ ), ®Ds5; Where 2 < |b| = by + b, < 8.
o Z32yzz(ll’)xl)9+b®l79_b®l)2; where 2 < b < 9.

o 204z2PxD,,, @D, ®D;; Where 3 < b < 10.

o 204z2PxDy,,®D,,_,®Dy; Where 4 < b < 11.

o 280428 D@D, 41 ®Ds_yp; Where 2 < |b| = by + b, < 3.
o 2047, 2D1;®D10+,®D,_p; Where 1< b < 2.

o In dimension three (X3) we have the sum of the following terms:
o 280282 27 2Dy, 1, @D ®Ds; Where 3 < |b] = X3, b; < 8and by > 1.
o 2342228 Dy 11, ®Do_ 1y ®D,; Where 3 < |b| = by + b, < 9 and by > 2.

. Zéj)yzz(fl)xzz(ll’Z)xD9+|b|®Dlo_|b|®D1; where 4 < |b| =b; + b, <10 and b; = 3.

@)
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o Z3,4Z3,9ZY 2D, @D, -, ®Dy; Where 3 < b < 10.

o 284z 2282 xDy 1 @Dy ®Do; Where 5 < |b| = by + b, < 12 and by > 4.
o 2042y 2Dy, @D, ,®Dy; Where ¢; + ¢, =3and 4 < b < 11.

® T3y Z34Z3,4De®D11®Dy.

o 233423122 4D, 0., ®Dy_, ®D;; Where 1< b < 9.

o 2042122 xD1 44, ®D1_, ®Dy; Where 2 < b < 10.

® T34 Z3,42313D1@D1o®Dy.

o In dimension four (X,) we have the sum of the following terms:

o 280282 2709 22" 4Dy, 1, @Dy @Ds;where 4 < |b| = Xty b < 8and by = 1.
o 25y 22282 22" 4Dy, 1 @D, @D, Where 4 < |b| = X3, b; < 9and by > 2.

o 284z 2z 229 XDy, 1, ®D1o 1 @Dy ;Wher5 < |b| = X, b; < 10and by > 3.
o 23,425,420 220 ¥Dy 1, ®D1o_1p @Dy ; Where 4 < |b| = by + b, < 10;and by = 3.
o 284z 282 272"V 2Dy 1, @Dy ®Dy; Where 6 < |b| = X3, by <11 and b, = 4.
o 280yl yz 2z 4Dy, @Dy ®Dy; Where ¢, + ¢, =3,5< |b| =b; +b, <11 and by > 4.
o 2oy Z3yYZo 2P xDg,, ®Dy1_, ®Dy; Where 4 < b < 11.

o Z3,4Z3152 0228 2D1 0415 ®Dop/@Dy; Where 2 < |b| = by + b, < 9and by > 1.

o 20423152228 2D g1, ®D1o_1p ®Do; Where 3 < |b| = by +b, < 10and by > 2.

o Z3,4Z3249Z31520 #D104p®D1o_» ®D,; Where 2 < b < 10.

o In dimension five (X5) we have the sum of the following terms:

282z 1z 8D 20 2285 4D,y 1, @D ®Ds ; Where 5 < |b] = X5, b; < 8 and by > 1.
Z3yy 22209 2283 220V 2Dy 1 ®Do_ 1 ®D,; Where 5 < |b] = i, b; <9 and by > 2.
ZPy 280 xz0D 70 2z "W pp,  ®D,o_ 1, ®Dy; Where 6 < |b| = X, by < 10 and by > 3.

o 25,y Z3yZ 0 22 2209 1Dy, 1, @Dio_ 1, @Dy ; Where 5 < |b] = N3, b; < 10 and by > 3.
o 284z 282 270D 22 BV kD, , 1, @Dy @Dy Where 7 < |b] = Xty b; < 11 and by > 4.

20y 2Py 2BV 228D 220 4Dy @Dy ®Dy; Where ¢, + ¢, =3,6 < |b| = Xi, by < 11 and by > 4.
o 25,423,925y Z 228D Dy 1 @Dy ®Dy; Where 5 < |b| = by + b, < 11 and by = 4.

o 25,4231225V 228D £ 209 2D, o 1y ®Do_ @Dy Where 3 < |b] = X3, b; <9 and by > 1.

o 2042352 22D 22V 4D o, 1 ®Dio_ 1 ®Dy; Where 4 < |b| = Y3, b; < 10 and by > 2.

o 25,4239 Z315Z 00 %7 2D 41/ ®Dio_ ®Do; Where 3 < |b| = by + b, < 10 and b, = 2.

o In dimension six (X,) we have the sum of the following terms:

o 20z 789 2z 00 2209 786 4Dy 1, @Dy ®Ds; Where 6 < |b| = X, b; <8 and b, > 1.
o 23,y 28V 228D £ 289 22" 22" x Dy, 1, @Dy, ®D; Where 6 < || = Y3, b; <9 and by > 2.
o 20y 280z 8D 27" 2200 229 4Dy 1 ®D1o_1p @Dy Where 7 < |b] = X5, b; < 10 and b, > 3.

o 25,4 Z5yZ 0 22 2209 x 200 4Dy @Dy 1p @Dy Where 6 < |b| = Xk, b; < 10 and by > 3.

o 28y 28V x 20D 228 k2 229 2Dy, 1, @Dy ®Dy; Where 8 < |b| = X5, b; < 11 and by > 4.

o 2XV 2D 70 70 470D 20 4k Dy 1y ®D11-1p| @Dy Where ¢; + ¢, = 3,7 < |b| = Yi, by < 11and b, > 4.
o 230423y Z3yZ 0 2200 228 Dy, 1, @Di1_ 1 ®Dy; Where 6 < |b] = 3, b; < 11 and b, > 4.

o 25,425,220 228D £ 200 22"V 2D, 1 ®Do_p ®Dy; Where 4 < |b| = Xt b; < 9 and by > 1.

o 28042,,228V 228 2209 2200 2D 41 ®D1o_ 1 ®Dy; Where 5 < [b| = Xi, by < 10 and by > 2.

o 2524259231220 2200 220 2D 4 1| @ D101 ®Do; Where 4 < |b| = Y3, b; < 10 and by > 2.

o In dimension seven (X;) we have the sum of the following terms:
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Z 2z 2z 8V xz 00 2209 2220 2287 4D, 1, @D, @D3; Where 7 < |b] = X7 b; < 8 and by > 2.
Z39 Z80 2200 2209 x 280 6285 22 (%0 2D, 1, ®Do_ 1 ®D,; Where 7 < |b| = X6, b; < 9 and by > 2.

Z309 23,92 228D £ 209 22 22 P9 1Dy, 1, ®D1o_1p @Dy Where 7 < |b] = X5, b; < 10 and e by > 3.

o 2Dy 280 578D 270 2700 2719 256 xDy 1 ®Dyo_ 5 ®Dy; Where 8 < |b| = X6, by < 10 and b, = 3.

o

23042392392 228D 228 22" 1Dy, |, @Dy ®D;; where 7 < |b| = X, by < 11 and by > 4.
Z{0yz Dy 780 3782 2703 17 (00 2 719 Dy 4 1 @ D11 ®Doiwhere ¢, + ¢, = 3,8 < |b| = Y5, b; < 11 and by > 4.
2y 282z 2289 2200 2285 2229 2Dy, 1, @D11 1 ®Dy; Where 9 < |b| = Y&, b; < 11 and by > 4.
2329231820228 2209 x 280 £ 289 4D o1y @Dy @Dy Where 5 < |b| = ¥3_, b; <9 and by > 1.
2309239231520 2200 2270 228V 1D 4 15| ®Dio1p|®Do; Where 5 < |b| = Yt by < 11 and by > 2.

204235200 22 22 20V £ 20 2D, g4 1 ®D1o_ 5 ®Dy; Where 6 < |b| = X3, b; < 10 and by > 2.

In dimension eight (Xg) we have the sum of the following terms:
Z91%2512%2Z 51 X281 X291 %231 X2 21%Z512D1,QDy QD5

Z3y Z80 2200 220 1280 289 2220 2207 4D, 1, @Do_ ;1 ®D,; Where 8 < |b] = X b; <9 and by > 2.

23,9230y 2oV 200 2283 22" 129 2200 4Dy, 1 @Dy @D, Where 8 < |b| = X, b; < 10 and b, > 3.
20y 20 229 2289 x 200 6205 2200 27 4Dy, 1, @ Do ®Da; Where 9 < |b] = X7, b; < 10 and by = 3.

Z309 2392392 220D 229 2200 x 289 4Dy @Dy ®Dy; Where 8 < |b| = Y5, b; < 11 and by > 4.

Zé;l)fy)ZZS;Z)y,ZZ(lzl)xZZ(fZ)xZZ(?)sz(ll"*)sz(?S)sz(fﬁ)ngﬂb|®D11_|b|®DO; where ¢, +¢, =39<|b|=3{b; <
11 and b, = 4.

2Py 282z 2280 220V 209 2200 2287 Dy, 1, @Di1 1 @Do;where, 10 < |b] = X7, b; < 11 and by = 4.

2309231520220 2209 x 280 6209 2209 2D, 1, ®Do_ ®Dy; Where 6 < [b| = Y&, b; <9 and by > 1.

Z309 2392318200 22800 22 128V 289 1D 0415 ®D1o_1n ®Dy; Where 6 < || = Y5, b; < 10 and by = 2.

2042315200 22 2209 x 20 £ 205 2209 2D 41 @D1o_ 5 ®Dy; Where 7 < |b| = X6, by < 10 and by > 2.

In dimension nine (X,) we have the sum of the following terms:
2
Z32”5#272(1)902"219522195221962"2195221702"2195221907318®Do®7)2-
23,923,920 128D £ 209 22 2209 1286 £ 207 2Dy 11 @Dy 5 ®Dy; Where 9 < |b| = Y, b; < 10 and by > 3.

0 2P yzPxz, 22,122,221 227122712231 8D15@Dy ®D; .

Z3,9Z3,9Z3,9 2o 128D 270 2200 2289 280 kD @D,y iy ®Dy; Where 9 < |b| = Y8, b < 11 and

by > 4.
ZVyzP Yz az 6z (P a2 220 2230 22 Do 115 @D11-1y ®Dy;  Where ¢ + ¢, =3,10 < |b] =
7. b; <11 and b, > 4.

o 28y 280 528D 270 2700 2719 206) 2207 22 (P 4Dy 1 ®D11_ 1 ®Dy;  Where 11 < |b| = X, by < 12

and b, = 4.
Z309 2315200200 220 1280 289 2200 220 4D 411 ®Do_ 1 ®Dy; Where 7 < |b| =Y/ b; <9 and
by =1,

b. b b b. b b
25,4 Z3,423182 0 2202 22" 2200 2219 £ 20 4D o 11 ®D1o_ 5 ®Do; Where 7 < |b| = Y3, b; < 10 and

by = 2.
0 204231220 2200 22" 228V 1289 220 2207 4D 41, @ D101 ® Do; Where 8 < |b| = ¥, b; < 10 and
by = 1.

o

In dimension ten (X;,) we have the sum of the following terms:
3
Z32fy)Z32y)ZZ(1)x221xZZ1x221x221x221x221x2'21x@19®DO®D1.
b b b b b b b .
Zayt Zaop 23y 2220 228 200 2209 2200 2287 4Dy, 1, @Dy ®Dy; Where 10 < |b| = X7, b; <
11 and b, > 1.
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o 280y 282y Z 0V z 82 2z 2700 2 289 200 220D 22 P9 kD, 1, ®D11 1, ®Dy; Where ¢, +c, = 3,11 <

b =3¥% b, <12 and b, > 4.
® Z3Y23128291%221%21%2 102512251 %2 51421 2D19@Dy ®D; .
o 25,4 Z5y %3122 228D 628D 220 2219 2280 £ 27 4D o 15 ®D1o-jp) ®Do; Where 8 < |b] = ¥, b; < 10
and b, = 2.
o 2042,,2200 220 22 2200 2289 200 22 225 4D 041, @ D101 ®Dy;  Where 8 < |b] = Y5, b; <
10 and b, > 2.

o In dimension eleven (X;;) we have the sum of the following terms:

® Z3yZ3Y T3y Zz(f)xznx221xZleanZleananDzo®D0®D0.

o 25,425y Z31720 228D 628D 270 2219 2280 k20D 220D 0 ®  Dioop®Do;  Where 9 < |b] =
7. b; <10 and b, > 2.

Finally, in dimension twelve (X;,) we have:
M Z32y232y23lzz2(?x221x2'21x221x221x221x221x221x221xD20®D0®D0.

The terms of the Lascoux complex are obtained by the determinantal expansion of the Jacobi-Trudi matrix of the partition
[1]. The positions of the terms of the complex are determined by the length of the permutation to which they correspond,
[4].

In the case of the partition (9,8,3) we get the following matrix:

DyF D,F DF
Di1oF DgF D,F
D11 F DyF D3F

Then the Lascoux complex has the correspondence between its terms as pursues:
DyF Q DgF Q D3F & identity.

Di1oF @ D,F Q D3F & (12).

DoF Q DoF ® D,F < (23).

D10F @ DoF Q@ D1 F < (123).

D11 F @ D, F ® D,F < (132).

D11F @ DgF ® D;F « (13)

Thus the resolution of Lascoux in the case of the partition (9,8,3) has the formulation:

D11 F ® D;F ® D,F D1oF @ D;,F Q D3 F
DllT ® DBT ® D1T — @ — @ — D()T ® DBT ® DgT
D1oF ® DoF @ D;F  DoF @ DyF ® D, F

3. THE SCORE

As in [4], we exhibit the terms of the complex (2.1) as:

Xo =Ly = My,
Xy =L ®OM;,
Xy = LM,
X3 = L3®Ms,

Xj =M ;for j=45,..,12,
where L, are the sum of the Lascoux terms and M, are the sum of the others.
Now, we define the map a,: M; —— L, such that
5L1L0 °0; = 5M1M0 2
As follows:
. Zz(i)x(v) l—>% Z,120,,(v); where v € Dy;; ® Dg Q Ds.

0 28)x(v) 1 2,202 (v); Where v € Dy, ® D5 @ D,
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. Zz(‘;)x(v) H% 2217562(?) (v); where v € D;3 ® Dy ® Ds.
« 29 (v) ,_,é 2,205 (v); where v € Dy, @ D3 ® Ds.
* 2D x(v) = 2 25,2057 (v); where v € Dis ® D, ® Ds.
* 2P x(v) 2 25,2057 (v); where v € Dy ® Dy ® Ds.
e ZPx(v) H% 25,205, (v); where v € D;; ® Dy & Ds.
* 25 4(v) = 5 Z3,405,(v); where v € Dy ® Dy ® Dy
N ZS)’IJ»(U) ,_,é 232905?(17); where v € Dy @ D11 Q Dy.

Itis clear that o, satisfies (3.1), then we can define:
01:L;—— Ly as 0; =6z,
At this point, we are in a position to define;
0,: L, —— Ly by 0, =10, +01°68,,

Lemma (3.1):
The composition 9,0, equal to zero.
Proof:

0,0,(a) = 81,2, ° (82,,(@) + (01 © 81,0,)(@))
=087,00°0,0,(@)+ 61,0 (01 08,00, (@).
But 8,7, © 01 = Sar,n, then we get:

010,(a) = 8,14 °01,0,(a) + Sagym, © O,y (A
By properties of the boundary map & we getd;d, =0

We need to define the map a,: M, —— L, such that
Sayr, 010 0an, = (5L2L1 top0 5L2M1) ° 0y 3)

As follows:

©Z,12Z,,2(v) — 0; where v € Dy; ® Dy & Ds.
e 2947, 2(v) — 0; where v € D;, ® Ds ® D;.
e 25,223 x(v) — 0; where v € Dy, ® Ds ® Ds.
e 29 xZ,,2(v) — 0; where v € Dy; ® D, ® D;.
o ZZIxZS)x(v) — 0; where v € D;3 & D, @ Ds.
. Zz(f)xzz(?x(v) +— 0; where v € D3 ® D, ® Ds.
ozz(i)xznx(v) — 0; where v € D;, ® D; @ Ds.
2,122 x(v) — 0; where v € D;;, @ D3 @ Ds.
. Zz(i)xzz(?x(v) — 0; where v € Dy, ® D3 @ Ds.
. Zz(f)xzz(i)x(v) — 0;where v € Dyy @ D3 ® Ds.
oZZ(?xan(v) — 0; where v € D;5 @ D, ® Ds.
. ZZIxZS)x(v) — 0; where v € D;5s ® D, @ Ds.
. Zz(i)xzz(i)x(v) +— 0; where v € D5 ® D, ® Ds.
. Zz(;*)xzz(?x(v) — 0; where v € D5 ® D, ® D;.
e 2P xz2® x(v) — 0; where v € D;s ® D, ® Ds.
e 289x2,,2(v) — 0; where v € Dy ® D; @ D;.
2,122 x(v) — 0; where v € D;s @ D; ® Ds.
. Zz(?xzz(?x(v) — 0; where v € Dy @ D; ® Ds.
e 294783 2(v) — 0; where v € D;s @ D; ® Ds.
e 2223 x(v) — 0; where v € D,y ® D; ® Ds.
e 2322 (1) — 0; where v € D1y @ D; ® Ds.
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e 20 xZ,,2(v) — 0; where v € D;; ® Dy ® D;.
. Zleme(v) — 0; where v € D;; @ Dy ® Ds.
e 2322 x(v) — 0; where v € D;; @ Dy @ Ds.
e 28922 x(v) — 0; where v € D;; ® Dy ® Ds.
e 2022 2(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(f)xzz(?x(v) — 0; where v € Dy; ® Dy ® Ds.
e 29223 2(v) — 0; where v € D;; ® Dy ® Ds.
. Z32y,22(f)x(v) l—>§ Z32y22(i)x621(v)' where v € Dy, Q@ Dg ® D,.
. zgzyzz(‘i)x(v) 2 Z5,y 25 %05 (v); where v € Dy ® Ds @ D,
. ZSZy,Z x(v) — 110 Z32y2(2) 6(3) (v); where v € Dy, ® D, ® D,.
o 232’9'221 xz(v) — % Z32/y)2'2(i)x62(‘1}) (v); where v € Di5s @ D3 ® D,.
. Z32yZ§I)x(v) — i Z32y,zz(f)x62(i) (v); where v € D14 @ D, ® D,.
oZ32yZ(8)x(v) |—>i Z32yzz(f) ag? (v); where v € D;; @ D; ® D,.
. Z32yZ x(v) — Z32y,22(? 6(7) (v); where v € D13 & Dy Q D,.
0 2oy Zay(v) — 0 where v € Dy ® D1y & D;.
o Z(Z) (S)x(v) (232”%22(?75031(”) - Z32y)Z31Z02(i) (v)); where v € Dy, @ D; Q D;.
° Z3(2 ’y’Zz(i)x(U) =3 Z32/y,2’2(§)x621631(v) - 2232’9)231562(3)(17); where v € D;3 @ Dg @ D;.
° Zgg)%zéi)x(v) — % Zsz’y’zz(i)xaz(?am(v) - %2'32@231262(?(1}); where v € D14, @ Ds ® D;.
« ZPYZFx() — = 23y 2P %057 031 (v) — %Znyzuzaz(?(v)' where v € D;s @ D, ® D;.
. 23( ZZ(Z)x(v) |—>— Z32y,Z(2) 8(4)631(17) - —Z32y,Z31z6 (v) where v € D1 ® D3 Q D;.
® Zs( Zz(f)x(v) = Tes Z32/y,Z(2) 6(5)631(17) - %2:32’9*23126 (v); where v € Dy; ® D, ® D;.
e 2947 2(v) — E Z32yZ(2) 090, (v) — %zgzyzmzam (v); where v € Dy ® D; ® D;.
e 294709 x(v) - zgzyz21 V20500, (v) — iznyzg,lzaz(? (v); where v € D;o @ Dy @ D
e 2947, y(v) — 0; Where v €Dy ® Dy ® Dy
. Z3zyZ§2)y(v) — 0; where v € Dy ® D1; ® D,.
°Z§§)yzﬁ)x(v) '_’% Z32’%z(2) a(z)(v) —Zszy’zz(i) 02(?6(2) ) -3 2329’2315621 032 (v);where vE€D;3 QY
D, D
. ,7z<3) z 2O x(v) — 1 Z32y2(2)x6216(2) W) — —z3zyz§?xa(3>a(2)(v) - -zgzyzmza21 93,(v);Where v € D,y ®
De @ DO

® Z?E Zz(?x(v) = Z32’yvz(2) 62(?6(2)(17) _232%2(2) 62(‘1})6(2)(77) - ‘232#231Z621 d52(v);where v €

D15 @ Ds @ Dy.

« ZyZ0xW) o - ZyZ 3 2057 057 () — 5 2y 2 %0035 (v) — = 23,4 231205 03, (V)where v e
D16 @ Dy & Dy.

e 2894728 x(v) — L Z32/g,22(i)x6(4)6(2)(v) 22'32404,22(?706(6)6(2) (v) — 5 2524231205, 03 (v);Where ve

D17 ® D3 ® Dy.

. Z(g) (9)x(v) —— Z32yZ2(?x6(5)8(2) W) to Zgzyzz(i)xa(@ 03,03, (v); where v € D;g @ D, ® Dy
o Z(g)yz(w)x(v) — = Z32y,22(?x0(6)6(2)(v) Where v €Dy ®D; ® Dy.

o Z(3)yZ(1l)x(v) — —Z32y22(i)x6(7)6(2) (v); where v € D,y ® Dy ® Dy.

® Zéz)”y’zmz(v) = 3Z329*231Za32(17)’ where v € D;y ® Dyp ® Dy.

Proposition (3.2):
The map o, defined above satisfies (3.2).
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Proof: We can see that for some terms:
* (8a,c, + 01 © 8agyne, ) (2212221 2(v)); where v € Dyy ® Dy @ D
=01 (ZZZ(?x(v)) — 21205, (v) = 222175621(17) — 21205, (v) = 0.

. (6]\/[2L1 +0 0 6M2M1) (zz(;*)xznx(u)); where v € Dy, Q@ D3 ® Dy
= 0, (52 2(0) — 22051 (1)) = 225,205 (v) = 2 2,205 0,1 (v) = 0.

[ ] (SMZLI + 01 ° 6]\/[2]\/[1) (232’%22(3).%(1]))- Where v E DlZ ® D6 ® Dz

=0y (Zz(i)xan(l’) + Zz(?xam(v)) Z32/g,6 (V) = —221.96621 03,(v) + = 22175621631(77) Z32/y»62(? v).
And

(8,0, +01°6.,0,) <§Z32fy)22(f)x621(v))

= %0'1 (Zz(i)xamasz(v) + Zz(?xasl(v)) + %*22175631621(17) - Z32y;62(§)(v)

1 1
= gzmxaz(i)an(v) + 522135621631(17) - Z32y62(i)(v).

o (8ac,z, + 01 ° 8aenr, ) (Z324Z3,4(v)); where v € Dy ® Dy ® Dy
=0 (2 Zéﬁ)y(v)) — Z3,403,(v) = 22329’832(17) — Z3,403,(v) = 0.

. (6Mz£1 +0 0 5M2M1) (Zéz)yZ§i)x(v)); where v € D, @ D, Q D,

=0, (27203 (v) + Z(z)xa32631(v)) + 23,20 (V) — 0y (z§ IR O)
_221 6(2)6(2)(17) + - 22175621632631(7) + 221756(2)(”) - —Z32y632 21)(17)

And

(6£2£1 t o010 5L2M1) <§Z32/y»Z2(i)x631(v) - §Z32y»Z31z62(i) (17)>
=0 (lzz(i)xanam(v)) + l2215’5631631(17) - l2215’562(?631(17) -0y <iZ§§)/y,6216(2) (V)) + 12219563(?62(3)(17) +
232%6316 (V) = 221;\:62(?6(2)(17) +- 2:2195621632631(17) + 221756(2) (v) — —Z32y632 21) ).

¢ (Ba,z, + 01 © Bagye,) (2292517 2(v) ) ; where v € Dy @ Dy ® Dy
= 237203 ) + 01 (2205 ) — ZZ 995" ) ) = 2 201205057 (v) — 3 222903005 (),
And

(8,0, + 01 ° 62,0, <$Z3zyz(2)x6(7)631(v) ~ L 225,205 (v))
zzgf)xa(ﬁ)a(z)(v)) + —221x031021 031 (v) =
Zsz’y)au 03, (v) — 01( zg)yaua(‘” (V)) + %% 6(2)6(9) ) + %232%33162(2) ()
—221 6(7)6(2)(17) - —232%3326210)(17)

2 (7
L0, (22205,05 03, (v) +

. (6]\,[251 +0; 0 6M2M1)( 3(?9232@(17))' where v € Dy ® D11, ® Dy
=01 (3 23(2)9)(”) - Z(z)/gﬁ”(v)) —232%6(2) ) — —2'32’%1)a (V) 0.

¢ (Bayz, + 01 © Bagyory) (25425 2(v) ); where v € D3 ® D, ® Dy
= 0, (250205 (v) + 220303, (v) + 220,05 (1)) + 2,120 W) = 0y ( 2Pyl )
= 225,205 053 (v) + 5 2, %057 0 2%’331(1;) + 2 212005105,057 (v) +
21205 (v) — zgzya(‘”a(”(v) = 1 25005y 032051 — 2 25,9050 0D (0).
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And
(6L2L1+0—1°6L2M1)(lz32y’z(2) a(z)(v) —Z32/g»22(i) 62(?6(2)(1;)— %%2@’231562(?532(”))
=0 < 325 %0505 (17)) +3 22170331631)(77) - ‘Z3zy»a(2)8(2) () -

20, (20205,057 0 (v) + 27 00,10105 (v) ) — 2 25120051057 03 (v) +

2590505 (v) - ( 234921050 050(0) ) + 1 201300005, (v) + 1250905, 05,(v)
= 225,005 053 (V) + 5 212053 053 931 (V) + 5 221 021 85,057 (v) +

2t ) -2 Zszya(‘”a(z)(v)— 230905033031 — 1 23,502 0P ().

o (8r,z, + 01 ° 8,0, ) (Zéz)yz(”)x(v))' where v € Dy ® Dy ® Do
= Z{V205) (v) + 21720 05, (v) + +01 (257 205,00 (W) +25 20 (v) -2 905V (v))
= ~Z5,2057 05 (v) — < Z3957 057 ().
And
(8caz, + 01 62,06,) (53 Ze9 2 002 ()
= (ng? 03,0702 (v )) +—21203,057 057 (V) — —=Za, 905y 051057 (v) = £ 21205705 (v) —
3 2324057057 (V).

° (6M2£1 +00 6M2M1) (Zg)yzmz(v)); where v € Do Q Dy ® Dy

=01 (23(3)#321(‘7)) - 2217563(3)(77) — 01 (ZS)Wal(V)) = §232y0§§)621(V) - 2219663(3)(17) - % Z3,405,031 (V).
And

(5L2L1 +oy0 5L2M1) (1232%2315632(77))
=0 < 32 %621632(7)) - 221x632 632(17) - _Z32#031632(U)
= §Z3zy032 0,1 (v) — 221:)6032 ) — E Z32403,031 (V).

Now by employ o, we can also define
631[«3 —)LZ as 63 =6L3L2+0-2°6L3M2

Lemma (3.3):
The composition 9,05 equal to zero.
Proof:

0,05(@) = (82,2,(@) + (01 © 87,36,)(@)) © (81,,(@) + (02 © 81,3,)())

= (8,2, °02,0,)(@) + (8r,z, © 02 °8.00,) (@) + (01 ° 8ryn0, © 02 © Or400,) ().

But 6;,., °0, + 01068, ©02 = Oz, + 01 ° Oag,ar, SO WeE get:

0,05(a) = (8,z, © Or,0,)(@) + (Bagyz, © 8r.,)(@) + (01 ° 8,0, © 61,1,) (@) (01 © Sgyney © Or,00,) (@)
By properties of the boundary map & we get:

9,05 =0

We need the definition of a map o3: M3 —— L such that

Oz, + 02 °8nm, = (5L3L2 + 030 5L3M2) ° 03 3)
As follows:
® Z,12Z5,22Z5,2(v) — 0; where v € D, ® Ds & Ds.

e 2P 7,22, 2(v) — 0; where v € D;; ® D, ® Ds.
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2,222 xZ,,2(v) — 0; where v € D;; ® D, ® Ds.

. ZleanZz(i)x(v) — 0; where v € D13 ® Dy, Q Ds.

. Zz(i)xzmxzux(v) — 0; where v € Dy, ® D3 Q Ds.
2,122 xZ,,2(v) — 0; where v € D;, ® D; ® Ds.
2512251220 x(v) — 0; where v € D,y ® D; ® Ds.

. Zz(f)xzz(i)xzux(v) — 0; where v € Dy, ® D3 ® Ds.
) zz(?x221xz§?x(v) — 0; where v € D;, @ D3 ® Ds.

0 2,222 22 x(v) — 0; where v € Dy, ® D3 ® D;.
OZZ(;Oxanan(v) — 0; where v € D;s ® D, ® Ds.

0 2,,2Z\P 22, 2(v) — 0; where v € D;s @ D, ® D
2,122,122 P x(v) — 0; where v € D;5s ® D, ® Ds.

. Zz(i)xzz(i)xzmx(v) — 0; where v € D;5 @ D, ® Ds.
e 2P %2, 2ZP x(v) — 0; where v € D5 ® D, ® D;.
. Zz(?xzz(i)xzux(v) — 0; where v € D;5 @ D, ® Ds.
e 2P %7, 2P x(v) — 0; where v € D5 ® D, ® D;.
. anzz(i)xzz(i)x(v) — 0; where v € D;5 @ D, ® Ds.
0 2,220 22 x(v) — 0; where v € D;5s ® D, @ Ds

e 2P 47 £ x(v) — 0; where v € D;5s ® D, ® D,
-Zz(?xzmxzux(v) — 0; where v € D1 @ D; ® Ds.

© 2,122 xZ,,2(v) — 0; where v € D ® D; ® Ds.

. ZleZZIxZZ(?x(U) — 0; where v € D1 ® D; Q Ds.

¢ 2222022 x(v) — 0; where v € Dy ® D; ® Ds.
e 2423 22 x(v) — 0; where v € D;s ® D; @ D;.
. Zz(i)xzz(i)xzz(i)x(v) — 0; where v € D, @ D; @ Ds.
e 222322, ,2(v) — 0; where v € D;s @ D; ® Ds.
e 222,222 2(v) — 0; where v € Dy ® D; @ Ds.
e 2,122 223 x(v) — 0; where v € D;s @ D; ® Ds.
e 2P 22M 22,,2(v) — 0; where v € Dy ® D; ® Ds.
e 297,22 x(v) — 0; where v € D;s @ D; ® Ds.
« 2,222 22 x(v) — 0; where v € Dy @ D; ® Ds.
e 2 x2P 22, 2(v) — 0; where v € Dy @ D; ® Ds.
e 222,223 2(v) — 0; where v € Dy ® D; @ Ds.
. ZZIxZS)xZZ(f)x(v) — 0;where v € D;s @ D; Q Ds.
0 2,220 xZ{P x(v) — 0; where v € D;; ® Dy ® D;.
. ZleZZ(i)xZZ(;})x(v) — 0; where v € D;; @ Dy ® Ds.
e 292,22 x(v) — 0; where v € D;; @ Dy @ Ds.
. Zz(f)xzz(‘;)xznx(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(‘i)xznxzz(f)x(v) — 0; where v € D;; ® Dy ® Ds.
. Zéi)ng)xzux(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(?xzuxzz‘;’)x(v) — 0; where v € D;; ® Dy ® Ds.
¢« 2222 23 x(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(?xzz(?x Zz(i)x(v) — 0; where v € D;; ® Dy ® D;.
e 23228 x 2 x(v) — 0; where v € Dy; ® Dy @ Ds.
e 2P 22 x P x(v) — 0; where v € D;, ® Dy ® D
. Zz(i)xzz(‘;)x Zz(i)x(v) — 0; where v € D;; ® Dy ® Ds.
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e 230222 ZW x(v) > 0; where v € D;; ® Dy ® Ds.
. ZleZZ(i)xZZ(f)x(v) — 0; where v € D;; @ Dy ® Ds.
0 2,222 22 x(v) — 0; where v € D;;, ® Dy @ Ds.
e 2927, 222 x(v) — 0; where v € D;; @ Dy @ D;.
. Zz(i)xzz(i)xzmx(v) — 0; where v € Dy; @ Dy @ Ds.
. Zz(?xZZIxZZ(f)x(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(?xzz(i)xzux(v) — 0; where v € D;; @ Dy ® Ds.
e 289%2,,22,,2(v) — 0; where v € D;; ® D, ® Ds.
. ZZIxZZ(?xan(U) — 0; where v € D;; ® Dy Q Ds.
0 2512221229 x(v) — 0; where v € D;; @ Dy ® Ds.
e 25,42 xZ,,2(v) — 0; where v € Dy, @ Dy @ D,.
o 23,423 xZ,,2(v) — 0; where v € D;; ® Ds @ D,.
. Z32yzz(?xzz(?x(v) — 0; where v € Dy3 @ Ds ® D,.
0232y22(‘;)x221x(v) — 0; where v € Dy, ® Dy Q D,.
e 25,422 x23 x(v) — 0; where v €D, ® D, ® D,.
e 22,420 223 x(v) — 0; where v € D, ® D, ® D,.
o 23,423 %2, 2(v) — 0; where v € D;s ® D; @ D,.
oZ32yZZ(‘PxZZ(?x(v) — 0; where v € D;5s @ D; ® D,.
OZ32yZZ(?xZZ(‘;)x(U) — 0; where v € D5 @ D3 @ D,.
e 25,420 x23 x(v) — 0; where v € D5 ® D; ® D,.
¢ 22,4222, 2(v) — 0; where v € D;s @ D, @ D,.
e 25,4222 x(v) — 0; where v € Dy ® D, ® D,.
e 22,4222 x(v) — 0; where v € D, ® D, ® D,.
. Z32y;22(‘;)x22(i)x(v) — 0; where v € Dy @ D, ® D,.
. Z32y,22(?x22(‘1”x(v) — 0; where v € D1 @ D, @ D,.
© 22,42 xZ,,2(v) — 0; where v €Dy, @Dy ® D,.
. Z32yzz(?xzz(?x(v) — 0; where v €Dy, @ D; ® D,.
e 22,42 P22 x(v) — 0; where v € D;;, ® D; ® D,.
o 25,4222 x(v) — 0; where v € D;;, @ D; @ D,.
e 22,42 02253 x(v) — 0; where v €D, ® D; ® D,.
. Z32y;22(‘;)x22(‘;)x(v) — 0; where v € D;; @ D; ® D,.
OZ32y,ZZ(f)xZux(v) — 0; where v € D13 ® Dy & D,.
OZ32yZZ(?xZZ(?x(U) — 0; where v € D;g @ Dy @ D,.
e 25,4223 x(v) — 0; where v € D3 ® Dy ® D,.
e 22,42 P22 x(v) — 0; where v € D3 ® Dy ® D,.

e 25,4222 x(v) — 0; where v € D;g @ Dy ® D,.

. Z32yzz(i)xzz(f)x(v) — 0; where v € D13 @ Dy ® D,.

e 25,4222 x(v) — 0; where v € Dy @ Dy ® D,.

° Z32y232y22(i)x(v) — _gzsz’%zuzzuxan(v); where v € D;; ® D; @ D;.
¢ 25,423,425 2(v) — —%Z3zyz31z221x62(? (v); where v € D;3 @ D ® D;.
° Z32y»Z32y»ZZ(?x(v) = _%232%23132217562(? (v); where v € Dy, @ Ds Q D;.
. Z32yz32y22(?x(v) — —1—15232yZ31z221x62(? (v); wherev € D;: ® D, ® D,.
. 2,'32@232@22(?90(17) — —izg,zyzﬂzzmxaﬁ) (v); where v € D, ® D3 ® D,.
¢ 220423, ZD 2(v) — —izny,zmzznxaz(? (v); where v € D;;, @ D, @ D,.
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¢ 2504234250 2 (V) — — iZnyJZmzZleaz(? (v); where v € Dy @ D; ® D;.

° Z3zy*z3zy*zz(i())x(v) — —ﬁzny;Zglzmeag)(v); where v € D19 ® Dy Q D;.

. Z(Z)/g,meme(v) — 0; where v € Dy3 @ Dy @ D;.

Z3(2 yzg)xznx(v) — 0; where v € Dy, @ Ds @ D;.
. Z(z)y,Z(g’)xZ(z)x(v) — 0; where v € Dy, @ Ds ® D;.
e 2P42 22, 2(v) — 0; where v € D5 ® D, ® D;.

e 2042222 x(v) — 0; where v € D5 ® D, ® D.

* Z?Ez /’J*Zz(i) Zz(i)x(v) — 0;where v € D;5 @ Dy Q D;.

e 29478922, 2(v) — 0; where v € D, ® D; ® D;.

. Z(Z)yzz(i)xz(z)x(v) — 0; where v € D1 ® D3 ® D;.

e 2Dy 7223 x(v) — 0; where v € D, ® D; ® D;.

‘Z§2 ’y’zz(i) Zz(;})x(v) — 0; where v € Dy ® D3 ® D;.

e 2Py 2022, 2(v) — 0; where v €D, ® D, ® D;.

. Z(z)/y)Zz(?xZ(z)x(v) — 0; where v € Dy; @ D, ® D;.

e 29423223 x(v) — 0; where v €D, ® D, ® D;.
e 2947 22® x(v) — 0; where v E€D,, ® D, ® D;.
. Z(Z)yz(s)xz(s)x(v) — 0; where v € D;; ® D, ® D;.

Z3(2 yzg)xznx(v) — 0; where v € D13 @ D; ® D;.

‘Z§2 ’y’zz(i) Zz(i)x(v) — 0; where v € D1y @ D; ® D;.

. Z(Z)yz(@xz(”x(v) — 0; where v € D1 ® D; @ D;.

. Z(z)fy)Zz(i)xZ(4)x(v) — 0; where v € Di1g ® D; @ D;.

e 2Dz 22 & x(v) — 0; where v €Dy @ D; ® D;.
e 29472322 x(v) — 0; where v € D13 ® D; ® D;.
. Z(Z)yz(g)xzmx(v) — 0; where v € D1y ® Dy ® D;.

e 294728 22 x(v) — 0; where v € D,y ® Dy @ D;.

Zzgz /y’zz(i) Zz(i)x(v) — 0; where v € Do ® Dy ® D;.
. Z(Z)yzmxz(”x(v) — 0; where v € D1y ® Dy ® D;.
. Z(z)yZ(4)xZ(6)x(v) — 0; where v € Dy ® Dy @ D;.

e 29428922 x(v) — 0; where v € D1y ® Dy ® D;.

e 2947289225 x(v) — 0; where v € D1y ® Dy ® D;.

2oy T3,y 23,y (V) — 0; where v € Dy @ Dy ® Dy.

® Zs(g)/y*zszyzz(‘;)x(v) = 2232@23132219‘3621631(”) -

%zﬂyzmzzmxaz(f)agz(v) - where v € Dys ® D, ® D,

° Zs(?”af’zn’y*zz(?x(v) — ézz,z’y)zmzznxaz(?am(v) - 6_70232’5)23&2217462(?632(”); where v € Dy, ® Ds & Dy.
Zg)yznyzz(?x(v) — %Znyzg,lzznxaz(f)agl(v) - %Z3zyz31z221x62(‘10632(v); where v € D;s @ D ® D,.
Zg(z %232%22(?74(77) — 5232’%23152219562(‘1})031(77) - %232’9*23152219462(?632(”); where v € Dy ® Dy & Dy.
Z3(z 9232%22(?75(77) = 5232’9'23152219562(?031(77) - %232923152217562(?632(77); where v € D;; ® D3 ® Dy.

® Zs(g)/y*zszyzz(?x(v) — 5_16232%23132217562(?631(”) + 05,(v); where v € Dig ® D, Q D

. Zg)y,zﬂy)zzqo)x(v) — %Znyzglzzmxaz(?am(v) + %znyzglzzmxaz(?aﬂ (v); where v € D1y @ D; & Dy.
e 2947423 x(v) — %zw@znzzuxag?am(u); where v € D,y ® Dy ® D.

. Z3zyZ§2)yZ(4)x(v) — _?1232923@2’219662(?632(1]); where v € D13 ® D; @ D,.

* 25923 Y25 2(v) = = 23292315251 %053 03,(v); where v € Dy, ® Dy ® Dy
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. Z32y,Z§§)yZ(6)x(v) — 1—3232/;23122219662(?632(17); where v € D15 ® Ds Q D.
. Z3zyZ§ ZZ(Z)x(v) — _—1232y,Z31z2'21x62(?632(v)' where v € D1y ® D, Q Dy.
oZ32y,Z(2) (g)x(v) — — Z32yZ31ZZZIx621 05, (v); where v € D;; @ D3 Q Dy.
. ZSZ/y,Z(Z) (Q)x(v) —— Z32y»Z31z221x621 0, (v); where v € D15 ® D, ® Dy.
-Z32yz(2)yz(lo)x(v) — 0 ;where v € D;g @ D; & Dy.
. Z3ZyZ§2 y,Z(il)x(v) — 0; where v € D,y @ Dy Q Dy.
e 28 y2W22, 2(v) — —%Z3Zy231z221x6§?631(v) - %Z3zyz315221x62(f)632(v); where v € Di5 @ Ds ® D,.
. Z(3)y,Z(5)x221x(v) — —%Zﬂyznzzmxaz(?aﬂ(v) - 4—15232@/»23@2217082(‘;)632(17); where v € D15 Q@ Dy ® D,.
. Z(3)yz(4)x2(2)x(v) — —§Z32y,Z31z221x62(?631(v) - %Zgzyzmzzmxaz(‘;)an(v) ; where v € D5 ® Ds ® D,
o 2(3)92(6%22190(1]) — —3—10232y231z221x62(‘1”631(v) - %Zgzyzglzznxaz(f)a“(v); where v € D ® D, ® Dy.
« 24222 2(W) o — 2 25y 2312201205y 051(0) — <= Z324 23182212057 93, (v); Where v € Dyg ® Dy @ D.
e 23 yZP2Z3x(0) — —2 23,4 2312221205y 051 (v) — 5 252423128221 %05; 83, (v); Where v € Dy @ D, @ Dy
e 284222, 2(v) — —4—15232y2315221x62(?631(v) - :Ezwyzuzznxaﬁ)an(v); where v € Dy; ® D; ® D,.
. Z(3)y,Z(6)xZ(2)x(v) — —%Z3zy,Z31z221x62(i)631(v) - %232@,{;231.32219662(?632@); where v € D17 @ D3 Q D,.
. Z(3)yZ(5)xZ(3)x(v) — —§Z32y,Z315221x62(?631(v) - gzgzyzmzzmxaz(?an(v); where v € D;; @ D3 ® D,.
o Zzgz /g,Zz(f)xZZ(i’)x(v) — —%Z3zyz3lz221x62(i)631(v) - 3232y231z221x62(?632(v); where v € D;; ® D3 ® Dy
. 2,'3(2 /g,Zz(g)xan(v) — —iZ32y)Z31z221x62(?631(v) — 3232y231z221x82(i)632 (v); where v € D13 ® D, ® Dy.
.z(3)yz§? Zz(i)x(v) — ——Z32/g»Z31Z221x621 031 (V) = Z32/g,Z315221x621 03, (v); where v € Di1g @ D, ® Dy.
e 29420223 x(v) — ——Z32y231z221x621 03, (v) — —zgzyzﬂzznxan 03, (v); where v € D13 @ D, @ Do.
« Z3YZFxZPx(0) > =2 Z3,4.2318251%053 031 (v) — ; Z3,4.2315251%05; 03, (v); where v € Dy @ D, ® Do
. Z3(2 yzz(‘;)xzz(i)x(v) — —§Z32y,Z31z221x62(?631(v) - 2232y2312221x62(?632(v); where v € D15 & D, ® D,.
o ZzEz y,Zz(z)xan(v) — —8—2232fy)231Z221x62(?631(v) - %Z32yZ31z221x62(f)631(v);where VEVED,®D; R Dy.
023(2 y,Zz(f) Zz(i)x(v) — —lZ3ZyZ31z221x62(?631(v) - iZ32fg,2f31Zme62(?63(v)' where v € D19 ® D; ® Dy
'2(3)%22(? Zz(i)x(v) — __232%231522195621 03, (v) — —Z32/yZ31z221x321 032(v); where v € D19 @ Dy @ Dy.
e 29472022 x(v) — ——Z32y231z221x621 03, (v) — —Z32yz31z221x621 03,(v); where v € D1y ® D; ® D,.
. 2(3)yz§i) Zz(i)x(v) — ——Z32yZ312221x621 ds,(v) — —Z32yz31z221x621 d3,(v); where v € Do ® D; Q D,.
Z3(2 yZZ(;L) Zz(?x(v) — —§Z32y2315221x621 0z, (v) — ?Z3zy»Z31z221x621 05,(v); where v € Dig ® D; Q D,y
Zzgz /y*Zz(i)xzz(i)x(v) = §Z32y,231z221x62(§)631(v); where v € Dy @ Dy & Dy.
® Z3(2 ’y’Zz(?sz(i)x(U) = %4232%23&2217562(?631(”); where v € Dyg ® Dy & Dy.
« 23 Y2220 2(0) > = 23392312251 %05; 03, (v); Where v € Dy @ Dy @ D,
z“@zéi)ng‘;)x(v) — %232y231z221x6§?631(v); where v € Dyy @ Dy & Dy.
Z3(2 ’y*zz(i)xzz(?)x(v) = ?232923152217562(?631(”); where v € Dy @ Dy & Dy.
Z3(2 /y»Zz(?)xZZ(i)x(v) = _?7232’9»231Z221x62(§)631(17); where v € Dy & Dy & Do.
Zzgz /g,Z(io)mex(v) — 0; where v € D,y @ Dy ® Dy.
* Z32y,Z31zZZ(i)x(v) = §232y231z221x021(v); where v € Dy, @ D; @ D;.
° Z32y,Z31zZZ(i)x(v) — %232#23132215‘?02(?(”); where v € Dy3 ® Dg & Ds.
° Z32y,Z31zZZ(i‘)x(v) — %Z32%Z313221x62(?(”); where v € Dy, @ Ds Q D;.
o Z32y,Z31zZZ(i)x(v) — %Zﬂyzmzzuxag)(v); where v € D, ® D, Q D;.
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. Z32y,Z31zZZ(i)x(v) — 2—11232/y,Z31z221x62(i)(v); where v € D1 ® D3 @ D;.
. Z32y,Z31zZZ(Z)x(v) — izﬂyzmzzmxag?(m; where v € D;; ® D, Q D;.
. Z32yz31z22(f)x(v) — 3—16232/y)Z31Z221x62(?(U); where v € D13 ® D; Q D;.
. Z3Zyz31z2’2(2)x(v) — 4—2232y)231z221x62(? (v); where v € D1 ® Dy ® D;.

2204231525 x(v) — 0; where v € Dyy @ Dy ® ;.
o Z32%Z32@Z31Z(U) — 0 Whel’e v E Dlo ® Dlo ® DO
. Z(Z)/g,ZmZZ(z)x(v) — 3Z32y231z221x631(v) where v € D, ® Dg Q D,

oZS(Z)/y,anZ x(v) — %Z3Zyz31z221x621631(v) — EZ3ZyZ31z2'21x821 d;5,(v); where v € D13 Q@ D; Q Dy.

e 29y7..22Mx) — gz3zyz31zznxa§?a31(u) - %zﬁyzuzzuxaz(?ag,z(v); where v € D,, ® Dy ® D.

. z(%zuzz x(v) — %zﬂyzuzznxag?an(v) - 1—15232y2315221x62(‘1*)632(v); where v € D15 @ Ds Q@ D,.
Zg(?yzmzzz(?x(v) = iZ324z,ﬁz31ZA{Z:21~”562(‘1L)831(17) - izszyzmzzmxaz(i)an(v)' where v € Dy ® Dy & Do.
Zs(?’y*zslzzz(?x(v) — = Z32y»2'31zZ21x621 03, (v) — —Zsz’y»zsﬂzmxam 032 (v); where v € D;; ® D3 ® Dy.
Zzgz y,Z31ZZZ(1)x(v) — 21232yz31z221x021 ;. (v) +—= > Z3zyz31z221x021 03, (v); where v € D15 @ D, ® Dy.
Zg)yzmzzz(?x(v) — izwyzglzzuxaé?am(w - 1{73—0232@231z221x62(?632(v); where v € D;g ® D; Q Dy.
Z3(2 yzglzz(io)x(v) — %Zﬁyznzzuxag)am(v); where v € Dy, ® Dy & Dy.

Proposition (3.4):

The map o5 defined above satisfies (3.3).

Proof:
We can see that for some terms:

o (8asz, + 02 © Oriane, ) (2212221225, 2(v) ); where v € Dy, @ Ds ® Dy
= 0, (2 Zz(i)xZZJ_x(v) -2 Zlezz(i)x(v) + 221x221x621(v)) =0.

o (83,2, + 02 © Sacyo,) (Zgzyz(z)xz(z)x(v)); where v € D3 ® Ds ® D,
=0, (Zz(i)xzz(i)xan ») + Zz1xzz1 x031(v) — 6 Z32”y)zz(i)x(17)) + 2,’32@»22(?96321(1})
=- 2232%22(?”621(17) + Z32y»22(?x621(v) =0.

° (6M3£2 + g, ° 6.7\/[3.7\/[2) (Z32%Z32%Z§i)x(v)), Whel’e v E Dlz ® D7 ® Dl
=03 (2 Zéﬁ)yzmx(v) 232”4*221 203, (1’)) Zszyzz(i)xam(v) + 0, (2324‘4;2321«,&32(? (77))

1
= _5232#221 xa31(”) - §Z32%Z315621 ) — 3 Z32/y,22(?x621632 v).
And

1
(5L3L2 toy0 5L3M2) <— 5232%231522175621(77))
1 1 1 2
=03 (5221962215\’16?5?621(17)) -3 Z32fy)22(i)x632621(v) + o, <§Z32y)232y»62(?821(v)) -3 Z32%Zalzaz(i) )
1 2 1
= _52324}22(?75631(17) - 5232’9*231562(?(17) 3 Zsz%Zz(i)xamasz (v).

o (8ryc, + 92 © Srgan,) (232y232y2(10)x(v))' where v € Dyy @ Dy ® D;
=03 (2 Zé Z(m)x(v)) Z32y»22(1 x05,(v) — 0, (232%221 x03,(v) + Z32y,Z3zya(10) (V))
= __ZSZ%Z(Z) 8(7)631(17) _5232@23143621) (V).
And
1 (8)
(51;3,52 toy0 5L3M2) (‘ 25 23242318221 %05, (V))
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=0, (i221x221xa3(§)a§? (V)) = Z32%Zz1 xa326(8) W)+ o, <4—EZ32’%Z32’%62(?6(8)(V)> - = 232%2315621) )
= __232%2(2) 6(7)631(17) _5232%231Z621) ).

 (8ayc, + 02 ° Orcune,) (Zéi)yz(3)xz21x(v)) where v € D13 @ D @ Dy
=0, (Z x2'21x6(2)(v) + Z(z)x221x632631(v) + anzﬂxaéf)(v) 4 Z( (4)x(v) + Z( yZB)xOZI(v))
= _—232%221 20,1031 (V) + 2732%2"31Za (U) + - 232%221 x0310,1 (V) — Z32%231Zaz1 (v)=0.

* (8rtyz, + 02 ° Saeyne,) (Zéi)yazz(‘;)xzux(v)); where v € D;, ® Ds Q@ Dy
= 0, (Zz(i)xZera(Z)(v) + 2(3)9622196632331(1}) + Zz(i)xZZJ_xa(Z) (U) Zgi)yzgi)x(v) + Zéé)yzz(;})xazj_(v)) =0

* (8rtzz, + 02 © Oreyne, ) (Z32423,923,4(v)); where v € Dy ® Dy; @ D,
=02 (2 Z3(§)yZ3zy(v) -2 ZgzyZ§§)y(v) + Z32y232y632(v)) =0

. (5]\,[352 + 0,0 6M3M2)( 3(?@232@2(%(17))- where v € D;3 ® D; ® Dy
= 0,(3 25425 x(v) — 283 y2{P 203, (v) — 25 42 (V%01 (v) + z(”yzwya cv>)
= 5232%22(?756(2) ) - —Z32y,22(§)x6(2)6(2)(v) - _ZBZ’y’Z31Z621 05,(v) — = 232%221 20,103,031 (V) +

§Z32%Z31562(1 031 (v).
And

1 1
(5L3L2 t+0oy0 5L3M2) (3232%231522175621331('}) —1232%23&2219562(?032(17))
= 03 (_%Zz1xzz1xa3(§)az1as1(v)) + % Z32y22(i)x632821631(v) +
1 1
o) <EZ32/y)Z32y»62(f)621631(v)) +3 Z3242313041021035, (V) +
(o)) (izz1x221x6§§)a 632(17)) - i Zszy’z(z)xanaz(?an(v) +
1 1
<‘Z32’£4*Z32’y)6(? @ 632(17)) -7 Z32%Z31262162(i)a32(v)
-z 22203 ( —-z 23 4 a(z)am —-z 24,2020 - —z 29 %8,,04,0
32Y v) 32Y 21 (v) 32423120, 03, (V) 32Y4%51 x 2103203, (V) +
32%Z3lzazl 031 (v).

WIP—‘ ”

(6]\,[352 + 0,0 6M3M2) (Zéz)/y,zﬂy;z(ll)x(v))' where v € D,g ® Dy ® D
=0, (323420 V2(v)) - 2421V %05, (v) — 0,(233 425" 20, (0) + 23 yZ30995° (@)
= = Z5oy 2 %05] 05 (0) + == 25292312057 85, (v).
And

(82,0, + 02 °82,0,) <iZ32y,Z31z221x62(?631(v))

=02 ( 221x221x6 2)3(8)631(7])) + 5 Z32y2(2)x6326(8)631(v) -
( Z32y232@;02(1)6(8)631(v)) L z3zy231z62162§ 05, (v)

= 25,4257 %050 (v) + — zgzyzglza21 931 (v).

. (5M3L2 + 0,0 5M3M2) (Z3zyZ(2) (4)x(v)) where v € D13 ® D; ® Dy
=03 (3 Z(S) (4)75(17) Z32y,22(‘1})x6(2)(v) 2329221 x632631(v) Z3zyzz(i)xa§i)(v) + Z3y Z(Z) (4) (V))
= _5232%22(?9562(?65)(”) - Z32%Z313621 03,(v) — §Z32/y*zz1 x621832631(v).
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And
(5L3L2 +oy0 5L3M2) (—1232%23@2217562(?632(”))

= 0—2 ( 22196221966(2)6(2)632(17)) - = Z32’y)z(2)xa3262(i 632(1}) +

( Z32yZ32y621)6 2)632(17)) - 5232/%231,862162? 03,(v)
1
= _52329)22(?9562(?65;)(”) - 232y231zaz(i)a32(v) - §Z32y»2'2(§)x621632631(v).

[ ] (6M3L2 + 0-2 o 6]\/[3]\/[2) (2'32@2(2)@2(11)5\5(17)), Whel’e v E DZO ® Do ® DO
=0, (3 Z§§)yz(“>x<v>) — Z30y 251" %05 () — Zao 925" %03,051 (v) — 0, (—Zay 25y 2057 (v) +
Z304 235 4050 (0)) = 2 20y 2 20050 (v) - o ZawZ %005 (v) = 0.

* (Basz, + 02 © Sage,) (259 425D 225, 2(v) ); where v € Dy, ® D ® Dy

=0, (ZZ(?xana(z) ) + 2(3)x221x6§?631(v) + zz(?xzmxagzaﬁ) ) +
ZuxZle@g) (v) — 52(3)/54»22(?.’)6(17) + ZS)y,ZZ(‘;)xam(v))

= ——Z32yZ x6216(2)(v) - ‘232’%2(2) 62(2)6(2)( )—

§232%Z313621 03, (v) — 5232%22% x621 032031 (V) — 523292317562(?631(17).
And

(8zaz, + 02 0 02326,) (2 Zs29 25152012002 03, (v) — = 2323152512057 632(17))
=03 ( 221xzz1xa§z)azi)a31(v)> s Z32yz(2)x63262(?831(v) +
0 (3229222900 0003.(0)) ~ & 2509251201000 (0) +
( Zle221x632)6(3)832(v)) -— Z32y,Z(2)x83262(2)832(v) +
<—Z32yZ32y621)6 632(17)) ~ 18 Z32y231z62102(?632(v)
= — 2 25y 25 %0005, (v) - —znyzgi’xa(”a(”(w
5232/5’231‘8021 03, (v) — gZ32y;ZZ(i)x821 03203, (V) — §Z32y;231z62(?631(v).

* (8reyc, + 02 ° Sregac,) (Zé?yZéi")xZéi)x(v))- where v € D, ® Dy ® Dy
= Z(lo)x221x6(3) (‘l]) + Z(g)x221xa 831(1]) + Z(S)xZ21x6326§? (U) +
0, ( 25 %25, 205 (v) — 11 Zég)yz(ll)x(v) + Z(3)yz(10)x621(v)) = 0.

o (6]\/[3L2 + g, © 6]\,[3]\,[2) (232%231522(?55(17)) , Whel’e v E D12 ® D7 ® Dl
= 0'2 (Z:,(é)’y)zz(i)x(v) 221962(2) 6(2) (U) + 232’%221 x632(17) -

Zgzyz32y6 (V)) + 232#23150(2)(17) = ‘Z3zy*zz1 203, (v) + - 232#23156 (U) +2 Z3zyzz1 204103, (V).
And

(5L3L2 +oy0 5L3M2) (1232%231522195621(17))

=03 < Zzlxzmxagz 621(17)> +3 Z32”Q*Zz1 2033051 (V) — < Z32’ywz32/y*az1 621(”)) + - Z3,423130,10,, (V) =
§Z3zy*zz1 x031(v) + 5232%2315021 @)+ 5232%2721 x621632(v).

o (8rtzz, + 02 ° Oaeyne,) (Z3zyz31zz x(v)) where v € D13 @ Dy ® D,
=0,(2 2D yzD x(v) — 2,122 202 (v) + 23,420 205, (v) —
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232%232%62(‘10 (V)) + Z32@Z3lzaz(i)(v) = §232y2§i)x621631(v) + %232%23153 ) +- Z32y»22(i)x0(2)632(v).
And

1
(5L3L2 +oy0 5L3M2) (—232%23152217562(? (V))
- 0—2 (——22196221966(2)6(2)(1])) + Z32’ylz xa326(2) (17)

< Z32y;Z32y)62(i)6(2)(17)> + - Z32%Z315521621 (v)
= gz32”y*zz1 x821831(1]) + 52;32”44)2313a (U) +- z32yz§f)xa(2)a32 (v).

o (8ryc, + 92 © Sagan,) (232y231z2 x(v)) where v € Dy, ® Ds ® D,
=0,(323 92 x(v) - 221x25‘i)xa<2) (v) + Zay 253 205, (v) —

2329232%621) (77)) + Z32/y,Z31z6 ') = —Z32y22(i)x6(2)631(v) +< 2329’2315621) W)+ Zszyzz(i x8(3)632(v).
And

1
(5L3L2 toy0 5L3M2) (— Z32yZ31z221x62(? (U))
=02 < Zle221x6(2)0(3)(v)> +— Z32/yJZZ(i)x6326 ) - o, ( 232%232%6(2)6(3)(17)) +— Z3zy’z313621021 )
= %232%22(?756(2)031(77) + §Z32%Z31za (77) + Z3zyzz(i)x6(3)632(v)

* (83,2, + 02 ° Oy, ) (20242012257 2(v) ) ; where v € Dyg @ Dy @ Dy
=0, (8 Zé Z(m)x(v)) 221xZ(9) 8(2) w) + Zgzy,z'21 x632(v) —

0y (Z32yZ32y8( ” (17)) + 232’54'23158(9) )= 232’9*22(?756(7)631(”) +< Z3zy’z313621) (v).
And

(5L3L2 toy0 5L3M2) <i Z32yJZ31z221x62(§)(v))
=0y ( Z:21952219‘56(2)6(8)( )) +— Z32’y)Z x632 (8) (V)

( Zsz’y’zzz’y)az(?a(lo)(v)) + E 232”5/’2315321623 ) = 4_5232’%22(?7562(?631(77) + %232%231562(2)(77)-

. (5M3L2 +0y0 5M3M2)(Z32@Z32%231Z(V))§ where v € D;y ® D1 ® Dy
=0y (2 Z?E?y’zmz(v) — 2 Z3,923,:3(v) + Z32%Z32%a31(v)) =0.

. (5M3L2 + 0,0 5M3M2)( 32 y,ZMzZ(z)x(v))' where v € D1, ® Dg ® Dy
=0, (—221;\:22(?;\:63(2) (v) + Z(z)xZ(3)x632 (v) + Z(Z)y23zya(3) (v) +

232%231562(?(77)) = gzsz’y’zn 203,031 (V) + 5232%2315021531(77)-
And

(5L3L2 +0y0° 5£3]V[2) Gzzz’y)zmzzuxam(”))
=0y (—§221x221x63(?631(v)) +§ Zaz’yvzz(i)xanaﬂ(v) -

1 1 1 1
) (5 232%232962(1)631(17)) + 3 2324231202105, (v) = gzszyzz(i)xaszam(v) + 5232%2315821631(17)-

o (8ryc, + 92 ° Srgac,) (Z?Ez)y,zglzz(lo)x(v))' where v € Dyy ® Dy ® D,
=0, (8 Zég)yz(ll)x(v)) zmngi‘))xag) ) + 2,'(2)y,2:(11)x632 -
Uz(Z( %232962(11)(17) z(ﬁ)yzglzaﬁ")(v)) = _2329”22(?750(7)6(2)(”) + - 232’%2315021 031 (v).
And



Ali et al, Babylonian Journal of Mathematics Vol. 2024, 152-170

(5L3L2 +0y0 6£3]V[2) <% Z32%Z31Z221x62(?531(17)>

1 1
= 0'2 (—5221x221xa§§)82(§)631(v)) +; Z32’y»zz(i)x63zaz(z)a31(v) -

1 9
02 (;Z3zy*z32”ywaz(§)az(?a31(v)> + 7 Z32%Z31Z62162(3)631(U)
2 1
= 5232’9’22(?7562(?635?(”) + §Z3zyz3lzaz(?631(v).
Eventually, we define the boundary maps in the complex:

[7] a
0 Ly —— L, —— L,

Ly

where d; is the operation of indicated polarization operators, d,, d, and d; defined as follows:

® 01(Z512(v)) = 0,1(v); where v € D;y ® D; & Dj.
o 61(232%(17)) = 632(17), Where v E Dg ® Dg ® Dz.

M 62(232%22(?75(”)) = % 251202103, (V) + 231203, (v) — Zszyaz(i)(v); where v € D;; ® D; ® D,.
0 0,(Z3,423:2(v)) = % Z32403,0,1 (V) — Zz1xa3(§)(v) — Z3,4031(v); where v € Dyy ® Dy ® D;.
® 05(Z3,42312212(v)) = Z32”y*zz(i)xa32 (V) + Z3,423120,1(v), where v € D;; ® Dg Q@ D;.

Theorem (3.5):

The complex (3.4) is exact and in characteristic-zero gives a resolution of K9 g 3 (F).

Proof:
First, we prove the exactness of the complex
03

0 L, L,

Ly

Q)

Since one component of the map d; is a diagonalization of D, into D; ® D, it is clear that d5 is injective. To prove the

exactness at £,.

For this, we need to show that:

If v € ker (d,) then 3 w € L5 such that d;(w) = v.

If 0,(v) = 0then3 (a,b) € L;BM; such that

6(a,b) = (v,0) € LM, but

6(a,b) =6.,0,(a)+8,00,(a) + Sagyr, () + Sy, (b). SO we get:
Or.0,(@)+85,c,(B) = v

and
O 0, (@) +8ne,00, (D) = 0

Now if wr = a + g;(b) we can see that d;(w) = v in fact

95(a) = 6.,r,(a) + 03 © 81,0, (a), and

03 (03 (b)) = Oy, (b) + 02 © Saruae, (b)), SO

63(‘1 + 03 (b)) = 03(a) + 63(03 (b))

=0p,0,(@)t0, 0 6,,00,(a) + 8,z (D) + 05 © 8pp 00, (B)

= 81,1, (@) + 8360, (B) + 03 © (8,06, (@) + Sagye, (B)).

Hence from (1) and (2), we get d;(w) = v ; where w = a + d;(b).
This proves the exactness at £,.

As the same way we can prove the exactness at £, .

Finally, we get the complex:

is exact.
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