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Wevt module The reduction from the terms of the characteristic-free of Weyl module resolution to the terms of
partition the Lascoux resolution found in this work for the partition (9,8,3) by using the boundary maps
@ @ and prove that the sequence of the reduction terms is exact.

Er

1. INTRODUCTION

The terms of the resolutions for all shapes called class of almost skew shapes. This characterization is largely located on
the Bar complex framework, but a total characterization of the boundary map is still an open problem the researchers in
[1,2] studied that in details.

The authors in [3] presented the skeleton in the resolution of skew-shapes. Especially the terms of Lascoux resolution can
be recovered within the formulas approaching in [2,4]. Over and above the application of the outcomes aforesaid above, the
authors in [5,6] illustrated that by employing the letter place methods and place polarization in a symmetric way.

The authors in [7] studied the corresponding of Weyl module to the partition (2,2,2), the relationship between the
resolution of K, ,,)F in the characteristic-free module and in the Lascoux mode. By this comparison, the characteristic-
free boundary maps are modified to obtain the obvious maps of the Lascoux case.

The techniques in [7] generalized by Hassan for the partitions (3,3,3), and (4,4,3) in [8,9] respectively, also authors in
[10-12] studied the cases (8,7,3), (6,6,4;0,0), (7,7,4;0,0).

The terms of characteristic-free resolution of Weyl module reduction to the terms of Lascoux resolution for the partition
(9,8,3) and prove that the sequence of these terms is exact in this work.

2. THE CHARACTERISTIC-FREE AND LASCOUX RESOLUTION

The terms of the resolution for the partition (9,8,3)
Res([9,8; 0))®D3® Y20 2.5y Res([9,8 + e + ;¢ + 1])®D5_,_,®
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Yo, 20,e52e, gg(zzﬂ)y;&g(ilﬂ)zRes(D ter+18+e; 16 —€1]) ® Di_o)4e,42)
So
o202y Res([98+ ¢ + Lie + 1D®D;_,_; =
Z129 Res([9,9; 1) ®D, D2y Res([9,10; 2))®D, D2y Res([9,11; 3])®D,,
and
Yei20,652¢; gg(?ﬂ)yzgg(ilﬂ)zRes(D +e,+18+e,+1e,—D®
D3 (ey4ep42) = Z3,42313Res([10,9; 0])®D1@2_:95?’9’53151?95([10:10; 1D®Dy;
and
Yei20,652¢; gg(?ﬂ)yzgg(ilﬂ)zRes(D +e,+19+e,+1e,—D®
D3 (ey4ep42) = Z3,423,13Res([10,10; 0])®D1@2_:95?’9’23151?95([10:13 1D®Dy;
where Z5,4 is the Bar complex:
a
0— Z5y _y>232 — 0,
224 is the Bar complex:

a a
0 — Z5,425,y _y’zs(?’y‘ _y’zs(? — 0,

234 is the Bar complex:
Z:«g;)%zw’y‘
9y 9% 3 % _@3
0 — Z5,423,42Z5y — @ — 2y — 25, — 0,
z Z(Z)
32Y 32 Y

and Z;, 3z is the Bar complex:
]
0 — Z313 —> Z3;— 0;
where x, ¢ and z stand for the separator variables, and the boundary map is d,, + @, + 9.

Let Bar (M, A; S) be the free Bar module on the set S={ x, ¢, z}; where A is the free associative algebra generated by
Z,1, Z3,, and Z5, and their divided powers with the following relations:

220 = 2020 ad 2020 = 202,
And the module M is the direct sum of D, ® D, ® D, for suitable p, g, and +~ with the action of Z;,, Z3,, and Z3; and
their divided powers.
The terms of the characteristic-free resolution (4.3.1); where b, by, by, bs, by, bs, bg, b, ¢1, ¢, € Z* are:

o In dimension zero (X,,) we have Dy®DgQD5.

o In dimension one (X;) we have the sum of the following terms:

o Z0xDy,,®Ds_,®D;; Where 1< b < 8.

o 2 4Dy®Dg,,®D;_,; Where 1< b < 3.

o In dimension two (X,) we have the sum of the following terms:

) Zz(ljl)xzz(’f)xmﬂm®DS_|,,|®D3; where 2 < |b| = b, + b, < 8.
o 23,420 xDy,,®@Dy_,®D,; Where 2 < b < 9.

o 224z %Dy, ,®Dy0_,®D;; Where 3 < b < 10.

o Zgi)yzz(f)ﬂ)%b@@n_b@l)o; where 4 < b < 11.

o 280428 yDy@D, 14 1p/®Ds_jp; Where 2 < |b| = by + b, < 3.
o 20y 7, 2D10®D10+,®D,_y; Where 1< b < 2.

o In dimension three (X3) we have the sum of the following terms:
o 280520 75 2Dy, 1, ®Dy_1p ®Ds; Where 3 < |b| = X3, b; < 8and by > 1.
o 23,y Z V228 XDy, ®Do_p ®D,; Where 3 < |b| = by + b, < 9and by > 2.

o 2D yz" 3712 2Dy, 1, ®D1o_1p ®Dy; Where 4 < |b| = by + b, < 10and b, > 3.

o))
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2329232920 ¥Dg, @D 9_, @D, ; Where 3 < b < 10.
ZEyz8V 25D 2Dy, 1 @Dy ®Dy; Where 5 < |b| = by + b, < 12 and by = 4.
o 2\ y 7Dy 7P D, ., @D, ,®Dy; Where ¢, + ¢, = 3and 4 < b < 11.

232y L34 23,4 D@D, QD

2329231220 2D, ®Do_, @D, ; Where 1 < b < 9.

o 242,22 %D, ®D;0_,®D,; Where 2 < b < 10.
Z32YZ329Z313D10@D1@D.

o

In dimension four (X,) we have the sum of the following terms:

22282 2209 70 2D, , 1, @Dy p ®Dsiwhere 4 < |b| = i, b; < 8and by > 1.
23,42V 200 228 2D, , 1, @Dy @D, Where 4 < |b| = Y3, b; < 9and b; > 2.
ZDyz80 2209 x 78D £ Dy, 1y @Dy iy @Dy ;Wher5 < |b| = Y3, b; < 10 and by > 3.
Z3y4 23y Z 0 228 Dy, 1 ®D1g_ @Dy ; Where 4 < |b| = by + b, < 10;and by = 3.
20y 280 x 702 27083 4, @Dy ®Dy; Where 6 < |b] = Y3, b; <11 and b, > 4.
Z{0 782 4 700 2 702y @Dy, ®Dy; Where ¢, + ¢, =3,5< |b| = by +b, <11 and by > 4.
Za2 9 Z39Y 232 £Dg 1, @Dy1_, ®Dy; Where 4 < b < 11.

Z3y4231525 220 2D, 4 1p| @Dy ®Dy; Where 2 < |b| = by + b, < 9and by > 1.
2242122828 2D, 04 1p|®D1o- 5 ®Dy; Where 3 < [b| = by + b, < 10and b; > 2.
2329329231820 D104 ®D19_, ®Dy; Where 2 < b < 10.

o

In dimension five (X5) we have the sum of the following terms:

202202 2 709 700 1 709 4Dy 1y @D @D ; where 5 < [b] = X5, b; < 8 and by > 1.

Zsoy 2V 22809 220 6 200 4Dy 1 @Dy, @D, Where 5 < |b| = Yi,b; <9 and by > 2.

o 2P yz80xz 222 2209 1Dy, 1, ®Di1o_ 1/ ®D;; Where 6 < |b] = N, b; < 10 and by > 3.

o 230y ZsyZ 2200 220 1Dy, 1y ®D1g_ 1, ®D;; Where 5 < |b| = X3, b; < 10 and by > 3.

2Py 280 702 2203 2 720 2Dy @Dy ®Dy; Where 7 < |b] = Xk, b; < 11 and by > 4.

o 280y 2D 700 3 702 4 703 kD 1p|®Dry—p ®Do; Where ¢; + ¢, =3,6 < |b| = Y3, b, <11 and b, > 4.
23,4 Z37YZ529 20V 28D 2Dy 1 @Dy 15 ®Dy; Where 5 < |b| = by + b, < 11 and by > 4.
2329231520028 228D 4D, o1 ®Do_, @Dy Where 3 < [b| = X3, b; <9 and by > 1.
20422282289 228D 2D, 41, ®Dio—p|®Do; Where 4 < |b| = X3, b; < 10 and by > 2.

° Z32’va32%231522(11)1).%Z§?2)x2)10+|b|®D10_|b|®DO; Where 3 S |b| = bl + bz S 10 and bl 2 2

o In dimension six (X) we have the sum of the following terms:

o 2805z 0 x 700 700 4 79 2 206 4Dy, 1, ®Dg_ 1| ®Ds3; Where 6 < |b| = X6, b; < 8 and by > 1.

o 25y Z0V 22 x 20D 2200 £ 209 2Dy, ) @Dy ®D,; Where 6 < |b| = X5, b; <9 and by > 2.

o 294y 20V 2702 70 700 2 209 4Dy 1y ®Dyo_1 @Dy Where 7 < |b| = X3, b; < 10 and b, > 3.

o 25,425,920V 2200 228 22" 2Dy 1 @Dy o @Dy ; Where 6 < |b| = X, b; < 10 and b, > 3.

o 294 2% 209 x 78D 2200 x 709 £ Dy, 1) @Dy ®Dy; Where 8 < |b| = X3, b; < 11 and by > 4.

o 28y z Dy 70 253 2 700 4Dy 1y @Dy 1y ®Dy; Where ¢, + ¢, = 3,7 < |b| = Xk, b; < 11and b, > 4.
o 25,923,423y Z 220D 220V xDy 1, @Dy ®Dy; Where 6 < |b| = 3, b; < 11 and by > 4.

o Z5,4Z515Z0 220D 220V 2 2BV 4D, o 41 ®Do_ 1, @D, Where 4 < |b| = Yi, b, < 9 and by > 1.

o 2942,,52{W 228D 22" x 2"V 2D, 41, ®Di1o_p/®Do; Where 5 < |b| = Y&, b; < 10 and b; > 2.
o 25,4 Z3,9231520 228 28D 2D, 4 1p @ Do p®Do; Where 4 < |b| = X3, b; < 10 and by > 2.

o In dimension seven (X;) we have the sum of the following terms:



Ali et al, Babylonian Journal of Mathematics Vol. 2024, 152-170

291825102518 251%251 %2122, 2D16QD; @Dj.

Z0 2782 5 709 4 7 00) 1 709 4 706) 2 287 4Dy 1 @Dy ®D3; Where 7 < |b| = Y7, b; < 8 and by > 2.
Z3y 202282 2209 700 2 2(05) 1 700 4D 1| @Dy @D, Where 7 < |b| = X, b; <9 and by > 2.
Z329 23,420 2200 x 200 2280 x 209 4Dy ®@Dyo_ iy ®Dy; Where 7 < [b| = X5, b; < 10 ande by = 3.
20y 200 x 202 2703 700 2 209 2 200 Dy 1y @Dy o1 @Dy ; Where 8 < |b| = X, b; < 10 and b, > 3.
2324232425292 x 28D 220 £ 20V 2D,y 1, @Dy 15 ®Dy; Where 7 < |b| = Xk, b; < 11 and by > 4.
20y z{D 420 2202 x 709 200 2 209 Dy 1 @Dy ®Do;where ¢, + ¢, = 3,8 < |b| = X5, b; < 11 and b, > 4.
20y 200 x 782 1 703 4 700 1 7(08) 4 706 Dy 15| ®D11 1y ®Dy; Where 9 < |b| = X6, b; < 11 and b, > 4.
2329231220 282 2209 2 200 2289 D 1 ®Do_ 1, @Dy Where 5 < |b| = X2, b; < 9 and by > 1.
2329232423122 2200 228D 22V 1D o1y ®@D1o_ iy ®Dy; Where 5 < |b| = i, b; < 11 and by > 2.
2042228022800 228 2200 2289 2D 41| ®Dio—pp|®Dy; Where 6 < |b| = X5, b; < 10 and by > 2.

o In dimension eight (Xg) we have the sum of the following terms:
221%231%271X531X221X231X221%221%D1,QD @D3.
z Z(b1) (b2) (b3) (bs) (bs) (be) (b7) . _ \'6
32Y Zp1 %250 %25V 225 M 22,15 225, %251 Do 4 15| @Dy, ®D,; Where 8 < |b| = X7 1 b; <9 and by = 2.
Z329 2329 2001202 2209 5 700 2 7(88) 1 7060 Dy 1y ®@D1o_ iy ®D,; Where 8 < |b| = X, b; < 10 and b, > 3.
20y 2803702 2209 x 700 2 219 1 700 x 207 2Dy 41 ® D101 ®Ds; Where 9 < |b| = ¥7_, b; < 10 and b, > 3.
o 25,423,425y Z 220D 220V x 20 2209 xDy ) ®Dy1 1 ®Dy; Where 8 < |b| = Y2, by < 11 and by > 4.
o 280y z Dy 700 g (b2) 703 4 70 4 209 £ 2806 ¥ Dy 4 1 ® D111 ®Do; Where ¢, + ¢, =3,9 < |b| = X5, b; <
11 and b, = 4.
20y 280 x 702 2783 x 700 2 289) 1 700 x 287 4Dy 11 ® D111 @Doiwhere, 10 < [b| = X7, b; < 11 and by > 4.
23292312200 1282 2209 5 700 2 289 2 700 4D b ®Dy_ iy @Dy Where 6 < |b] = Y6, b; <9 and by = 1.
Z3292374 23122002200 228 2200 x 289 2D 41| ®Dio—pp| ®Do; Where 6 < |b| = X5, b; < 10 and by > 2.

204222802200 2289 2 200 1 289 2 204D o 11 ®D1o_1 ®Dy; Where 7 < |b| = ¥, b; < 10 and b, > 2.

o

In dimension nine (X,) we have the sum of the following terms:
2
Z3yYZD 2201 221625122912 515Z 5122, 8D15 @Dy @D,
Z329Z3,4 200 2200 x 200 2780 5 709 4 706) 1 70D 4Dy 11 ®D1o_1 ®Do; Where 9 < [b| = X, b; < 10 and by > 3.
e 2Py 7P 2, 2251225152152 515271222, 2D1 o@Dy @D .
© Z3oyZsy sy 2y #2522 62,1 w251V w2V 2Dy 1) ®Diy 1y ®Dy; Where 9 < |b| = T, b <11 and
by > 4.
o 280y 7Dy 700 3 7 02) 703 1 700 4 709 2 2(06) 2 20D 2Dy 1| ® D115 ®Dy;  Where ¢, + ¢, = 3,10 < |b| =
7_1b; <11 and b, > 4.
o 294y Z0V 702 70y 7 (00) 4 709 4 706) 70D 4 259 4D, 1| @Da1—p|®Dy;  Where 11 < [b| = 37, b; < 12
and b; = 4.
o Z5,42318Z 02282 £ 700 x 20 1 709 706 2 28D 4D g 15| ®Do_ iy ®Dy; Where 7 < |bl = Y7, b; <9 and
by > 1.
23,4 23,423122 002200 228D 2200 2289 2 200 4D o 11 ®Di1o_ 1/ ®Do; Where 7 < |b| = Y5, b, <10 and
by > 2.
b
° Zé?yzﬂzzz(l
by > 1.

Vaz 092289 2200 2289 220 6 20D 2D 415/ @D1o-p/® Do; Where 8 < |b| = X7_, b; < 10 and

o In dimension ten (X;,) we have the sum of the following terms:

s Z3zyzgzyzz(i)xzz1x221x221x221x221x221x221xD19®D0®D1.

o 252y Z3rtp 2392V xZ0P 2z 8D 2200 x 289 2200 x 20D 4Dy, 1y @ D1y p®Dy; Where 10 < |b| = X7, b; <
11 and b; > 1.
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. Zé;l)yzgﬁy, Zz(llh)xZZ(l;Z)xZZ(T')xZZ(llj“)xZZ(ll’S)xZZ(ll’a)xZZ(?)xZZ(?S)xD%|b|®D11_|b|®D0; where ¢; +c¢, =3,11<
|b| =% ,b, <12 and b, > 4.
® Z3,42313221%521%221 %291 X821 %221 %251 X531 D1 9@Dy@D; .
o 25,4 Z3,423122 V228D 220 6 200 2209 6 200 2 28D 4D g 411 ® D101y ®Do; Where 8 < |b| = X7, b; < 10
and b; = 2.
o 20421228V x 28D 2700 2200 2 209 756) 2 207 2 720D 4D 41 ® D105 ®Dy;  Where 8 < |b| = Y2, b;
10 and by = 2.

IA

o In dimension eleven (X;;) we have the sum of the following terms:

® 2323y L3y Zz(?xzz1xZZ1xZZ1x221x221x221x221xD20®D0®D0.

o 25,4 Z3,923122 228D 2209 x 700 2 709 4 706 1 728D 3 7 PD 4D e pi®  Diooyp/®Do;  Where 9 < |b]
Y7_1b; <10 and b, > 2.

Finally, in dimension twelve (X;,) we have:
2
® Z32%Z32%231322(1)x221x221752217522175221752219522195221951)20@1)0@@0-

The terms of the Lascoux complex are obtained by the determinantal expansion of the Jacobi-Trudi matrix of the partition
[1]. The positions of the terms of the complex are determined by the length of the permutation to which they correspond,
[4].

In the case of the partition (9,8,3) we get the following matrix:

DyF D,F DF
D1gF DgF D,F
D1 F DyF D3F

Then the Lascoux complex has the correspondence between its terms as pursues:
DyF Q DgF @ D3F < identity.

D10F @ D,F @ D;F « (12).

DoF @ DoF Q@ D,F < (23).

D10F Q@ DoF ® D;F & (123).

D11 F QD,F  D,F « (132).

D11F @ DgF @ D, F < (13)

Thus the resolution of Lascoux in the case of the partition (9,8,3) has the formulation:

D11F @ D;F Q D,F D10F  D;F Q D3F
D11T®D8T®D1T—) (‘B — @ — DQT ®D8T ®D3T
D10F @ DyF Q D1 F DyF Q DyF Q@ D,F
3. THE SCORE

As in [4], we exhibit the terms of the complex (2.1) as:

Xo =Ly = My,
X1 = L©M;,
Xy = LM,
X3 = L;: M3,

Xj=M; ;for j=45,..,12,
where L, are the sum of the Lascoux terms and M, are the sum of the others.
Now, we define the map a,: M; —— L, such that
5L1L0 °0; = 5M1M0 (2)
As follows:
. Zz(i)x(v) l—>§ Z,1%0,,(v); where v € D;; @ Dg Q Ds.

¢ Z3x(v) '_’i Z512053 (v); where v € D, ® Ds @ Ds.
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© Z{Px(v) = § 2512057 (v); where v € Dy; @ D, @ D,
e Z)x(v) H% Z,, 205, (v); where v € Dy, ® D; @ Ds.
e Z9x(v) H% Z,, 205y (v); where v € Dy ® D, ® Ds.
« 2P x(v) H% Z;, 205 (v); Where v € Dy @ D; @ Ds.
e Zx(v) H% Z,,205; (v); where v € Dy, ® Dy @ Ds.
* Zé?;b,b(v) '_)% 23,403, (v); where v € Dy @ Dyg @ D;.
« 2Dy () 1 23,402 (v); where v € D, ® Dy ® D,.

Itis clear that o, satisfies (3.1), then we can define:
01:L; —— Ly as 0; =6, ¢,
At this point, we are in a position to define:
0:L; —— Ly by 0, =08;,0, +01°8,,,

Lemma (3.1):
The composition 3,3, equal to zero.
Proof:

010,(a) = 61,1, ° (82,,(@) + (0 © 8r,00,)(@) )
= 07,10 °0c,0,(a) + 6,1, 0 (01 °6,,5)(@).
But 8, © 01 = Sy, then we get:

010,(a) = 6,1, ° 61,1, (a) + Sagyny © Oz, (@).
By properties of the boundary map & we get 9,9, = 0

We need to define the map o,: M, —— L, such that
Ontyr, + 010 8pymy, = (55251 +oy0 61:2]\/[1) ° 0, (3)

As follows:

©Z,12Z5,2(v) — 0; where v € D;; ® Dg & Ds.
e 2P %7, x(v) — 0; where v € D;, ® Ds @ D;.
* 2,122 x(v) — 0; where v € D;, ® Ds @ D;.
e 2%, 2(v) — 0; where v € D;; ® D, @ D;.
o 2,223 2(v) — 0; where v € D;3 @ Dy @ Ds.
e 2P 7 (1) — 0; where v € D,; ® D, ® Ds.
o Zz(i)xzmx(v) — 0; where v € D;, ® D3 ® Ds.
2,122 2(v) — 0; where v € D;, @ Dy @ Ds.
. Zz(i)xzz(?x(v) — 0; where v € D;, @ D3 ® Ds.
. Zz(i)xzz(i)x(v) — 0; where v € Dy, ® D3 Q Ds.
e 2%, 2(v) — 0; where v € D;5 ® D, @ D;.
o 2,223 2(v) — 0; where v € D;5 @ D, @ Ds.
. Zz(i)xzz(i)x(v) — 0; where v € D, @ D, ® Ds.
e ZW 2P x(v) — 0; where v € D;5s ® D, ® Ds.
e 2P 7" x(v) — 0; where v € D;5s ® D, ® Ds.
e 2 x2,,2(v) — 0; where v €Dy ® D; ® Ds.
25,229 x(v) — 0; where v € D;s @ D; @ Ds.
e 2922 x (1) — 0; where v € D,y ® D; ® Ds.
e 2P 27 x(v) — 0; where v € D, ® D; @ D;.
e 2W 22 x(v) — 0; where v € D, ® D; @ D;.
e 2922 x(v) — 0; where v € D, ® D; @ D;.
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. Zz(?xzmx(v) — 0; where v € D;; @ Dy ® Ds.

. anzz(?x(v) — 0; where v € D;; @ Dy @ Ds.

e 2P %7 x(v) — 0; where v € D,, ® D, ® D.

e 289x2P x(v) — 0; where v € D;, ® Dy ® D.

e ZWxZM x(v) — 0; where v € D;, ® Dy ® D.

. Zz(i)xzz(i)x(v) — 0; where v € D;; @ Dy ® Ds.

. Zz(i)xzz(i)x(v) — 0; where v € D;; @ Dy ® Ds.

* Z32y22(i)x(v) H% Zsz’y*zz(i)xau(v)' where v € D;; ® D & D,.

* Zsz’y’zz(i)x(v) H% Zsz’y*zz(i)xam(v) where v € D;3 ® Ds & D,.

. Z3zyz(5)x(v) — % Z32/y)22(?x6(3)(v) where v € D, ® Dy ® D,.

. Z3zyz x(v) — 115 Z32y)22(?x8(4)(v) where v € D;z Q@ D3 ® D,.

. Z3zyz x(v) — 211 Z32y)22(?x6(5)(v); where v € D16 @ D, ® D,.

. Z32y)Z Dx(v) — i Z3zyzz(1)xa(6)(v)' where v € D;; @ D; ® D,.

o Z32y)Z x(v) = Z3zyzz(?xa(7)(v) where v € D15 ® Dy ® D,.

© ZssyZsy(v) — 0 where v € Dy ® D,y @ D;.

. Z(Z) (3)5‘5(17) (Z32y22(?x631(v) - Z32y2312}32(? (v)); where v € Dy, ® D; ® D;.

. Z(Z) (4);\:(17) - Z32y221 x621631(v) - Z32/y»Z31z621 (v); where v € D13 @ Dg Q D;.
. Z(Z) (S)x(v) = Z3zyzz(?x6(2)631(v) - §Z32y»Z31Z621 (v); wherev € D1, ® D: ® D;.
. Z(Z) (G)x(v) - Z3zyzz(?x6(3)631(v) - %Zgz/y»zmzaz(?(v); where v € D ® D, Q D;.

. Z(Z) mx(v) E Z32yzz(?x6(4)631(v) - ;Z3zy»zmz62(?(v); where v € D1 ® D3 Q D;.
e 2Py 782 w) — zgzyzﬁ)xa“)agl(v) - %23292312362(? (v); where v € D;; ® D, ® D;.
e 2Pyz0x(v) — E Z32y22(1 205903, (v) — 1232yz31z62(?(v)' where v € D ® D; ® D;.

. Z(z)yz(lo)x(v) — Z32y22(12 x6(7)631(v) - —Z32y231z6 )(v); where v € Dyo ® Dy & D;.
. Zgz)yzny(v) — 0, Where v E Dy Q Dy Q Dy
« 23,422y @w) — 0 where v € Dy ® Dy; ® D,.

e 29y 20 (w) o2  Zyoy 25y 2057 (0) — < 259 253 2053 05 (v) — % Z3y9 21205, 05, (v)where v €Dy ®
D; Q Dy.
. Z(3) (S)x(v) — = Z32yzz(i)x6216(2)(v) - Z32y22(i)x6(3)6(2)(v) — —Z32yz31z621 05,(v);where vED, Q
De ® Dy.

° Zé?ylé?x(v) — %232%22(?"62(?6(2)(”) —Z32/y»Z(2) 62(‘;)6(2)(1]) - ‘232%2315621 d52(v);where v €

D5 ® Ds & Dy.

e 2042 Dx () > = z32yz§?xa(3)a(2)(v) - —z32yz§?xa(5)a(”(v) - —Z32y231z621 93, (v);where v e
D16 ® Dy @ Dy.

o Z(g) (S)x(v) —— Z32yzz(f)x6(4)6(2)(v) Z32y,22(?x8(6)6(2)(v) - —Z32y231z621 03, (v);where vE

Dy7 ® D3 & Dy.

2342z x(v) — = zgzyzz(? 000 ) + - Z3, 9 257 %0 03,05, (v); Where v € Dy ® D, @ D,
« 2342572 (0) = — 25,4257 200057 (v); where v € D1y @ D; ® Dy.

e 23425 x() — — 25,427 20;7 057 (v); where v € Dy ® Dy ® Dy

® Zéi)’%z31z(v) — §232%Z31Z632(U); where v € D;q @ D19 ® Dy.

Proposition (3.2):
The map o, defined above satisfies (3.2).
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Proof: We can see that for some terms:

* (Bryc, + 01 ° 8oy, ) (2212251 2(v)); where v € Dy; @ Dy ® Dy
2

=01 (ZZz(i)x(v)) — 23120, (v) = 522195621(77) — Z31%0,,;(v) = 0.

. (5M2L1 +0;0 5M2M1) (Zz(‘;)xzux(v)); where v €Dy, @ D3 ® D,
5
= 01 (SZZ(?).&U(U) - Zz(‘;)x621(17)) = 52215!8(4)(17) - _221x621 621(17) = 0.

¢ (830,6, + 01 ° 630,00,) (2329257 2(v) ); where v € Dy, ® Dy ® D,

=01 (Zz(i)xaﬂ(v) + Zz(?xam(v)) - 232%6(3)(17) ‘Zz1xaz(i)632(77) + %'22176621631(‘7) - Z32y62(§)(v).
And

(5L2L1 +to0 5L2M1) <§Z32%Zz(i)xazl(v))

= %01 (Zz(?x621632(v) + Zz(i)xau(v)) + %anauau(v) - Zzzy*az(i)(v)

1

1
= 5221x62(i)632(17) + 522175621031(17) - Zsz%az(i)(v)-

° ((SMZLl +0,0 SMZMI)(Z32yZ32y(v)); where v € Dy Q D, X D,
=0 (2 Zs(é)’y)(v)) — Z3,403,(v) = 2232%632(17) — Z3,403,(v) = 0.

o (8reye, + 01 © Sacync,) (zg(z) zz(?x(v))- where v € Dy, @ D, @ Dy

=0, (2Px03 W) + Z(z)x632631(v)) + 25,20 (v) —a (zg?ya@(v))
= _221 6(2)6(2)(17) + 22190621632031(17) + Zlea (U) _232%632 21)(17)
And

1 1
(5,52,51 +o0,0 5L2M1) <§Z32y22(i)x631(v) - 5232%231532(?(”))
1 1
=01 (§Z§i)x632631(v)) + l2"219‘5631631(77) - l2;219562(?631(17) -0 (_Zg(é)’y‘auam(v)) += Zz1xa3(§)a(2)(v) +
%2:32%631 (V) = —221 6(2)6(2)(17) + - 221x621632631(v) + 221966(2)(17) - _232#632 21)(17)

* (8ryc, + 01 ° Saeyr,) (Zg)yz(m)x(v)) ; where v € Dlg ® Do @ D,

= Zz(io)xag)(v) + 0, (Zz(f)xa(z)(v) z(ﬁ)ya(“’)(v)) 221 6(7)6(2)(1]) - —Z32y632 10)(17)
And

(5L2L1 +oy0 5L2M1) <360 Z32y)22(i 62(?631(1;) - %232%231562(2) (U)>
22020590 () + == 251205105 051 (v) —

o250 0 (9) — ( £240,,080 () + 52,0005 () + 5 2,090,108 ()
= £ 25,x057 057 (v) — 5 23,403,051 ().

L0, (282205,0705; (v) +

* (8atyz, + 01 ° Sacynry) (zg’@zny(u))- where v € Dy ® D;; ® D,
=0, (3 ZS)@/'(V) - (2)%632(77)) = —Z32y6(2)(v) - ‘2:32’5’)a (U) 0.

* (8ryz, + 01 ° Saeynry) (Zg)y,Z(‘})x(v))' where v € D13 ® D, @ D,
=0 (Zz(i)xa(s)(v) + zﬁ)xa(z’a31(v) + Z(Z)x6326(2)(v)> + 221x831 - o ( ZS)y,BM) (v))
= ‘Zz1 6(3)6(3)( )+ ZZl 6(2)6 2)631(77) +lzz1xazla3za31 (v) +

2215’5a (V) - 232%6(4)6(2)(17) - Z32’y*az1 032031 — —Z32y6(2)6(2)(v)
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And
(5L2L1 +o0p0 5L2M1) (12324_/,2(2) a(z)(v) - ‘Zszyvzz(i) 62(?6(2)(17) §Z32y231z62(i)632(v)>
= 01( Zz(i)xag,za(z)(v)) + - 2'21x831831 ) - Z3Zya(2)6(2)(v)

20, (23720:,0 03 (v) + 220,105,053 (v)) — 22,1205, 05053 (v) +

Z,, 50002 (v) — (—zg)yaua 632(17)) +12,,2020D0,,(0) + 223,195,003, (v)
= 2,120 053 (V) + £ Z, %0578 2)631(1;) + 2212051 05,057 (v) +

221966(3)(1)) - 232’5’6(4)6(2)(17) 232’9*621 032031 — ‘Zsz’y*a(z)a(z)(v)

¢ (Br,z, + 010 Br,00,) (25925172 (v) ); where v € Dy ® Dy ® D,
= Z(il)xag) ) + Z(lo)x6(2)631(v) + 4o, (Z(g)x6326(2) (v)+ZZ(§)x6(3) ) Zéz)ya(ll)(v))
= 251205705 () — 5 25,9057 057 ().
And
(82,0, + 010 80,00,) (108232y22(?x6(7)a(2) @))
= ( — 2z« 8326(7)8(2)(17)) + =220, 05, 057 () — — Z3, 4050 07 0P (W) = £ 251205057 ) —
_Z32%6(9)6(2)(V)

° (6M2£1 + 0q° 6M2M1) (Z‘?(é)’yv231z(v)), where v € ﬂlo ® ﬂlO ® ﬂo

1
=0 (Zg(g)%am(v)) - 221756353)(17) — 0y (Zg)%am(v)) = §Z32y;63(?621(v) - Zuxag) ) — > 23,403,031 (V).
And

(5L2L1 +oy0 5L2M1) (1232#2315632(17))
=0 ( 32 %621632(17)) - —Zlea32 632(17) - —232%631632(17)
= §Z32’y'a32 0,1 (v) — 22196632 (v) - ; Z3,405,051 (V).

Now by employ o, we can also define
63:L3 —)Lz as 63:5L3L2+O-2°5L3M2

Lemma (3.3):
The composition 3,05 equal to zero.
Proof:
0,05(a) = (81,,(@) + (01 © 81,36,)(@)) o (81,1, (@) + (07 © 8,5¢,)(@))
= (8r,z, ©Oryr,)(@) + (Bp,z, © 020 8,00,)(@) + (01 ° 8pup, © 02 © Opanr,)(@).
But 5L2L1 ° 0, + gq © 6L2M1 ° 0, = 6M2L1 + 01 ° 6]\/[2]\/[1 SO we get:
0,05(a) = (6r,z, © 5L3L2)(“) + (Gpyz, © 51:31\/[2)(4) + (01060, ° 5L3L2)(d) (01 ° Sagyne, © 5L2M2)(6L)-
By properties of the boundary map & we get:
6263 = 0

We need the definition of a map o5: M3 —— L5 such that

Oz, + 02 °0nne, = (5L3L2 + 0y 0 5L3Jvrz) ° 03 3)
As follows:
® Z,12Z5,2Z5,2(v) — 0; where v € D;; & D ® Ds.
e 2P %2, 22, 2(v) — 0; where v € D13 @ D, @ Ds.
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. anzz(i)xzmx(v) — 0; where v € D;3 ® D, Q Ds.

. Zuxzmxzz(i)x(v) — 0; where v € D;3 ® D, Q Ds.

e 29x2,,22,,2(v) — 0; where v € D;, ® D; ® Ds.
2,223 22Z,,2(v) — 0; where v € Dy, ® D3 @ D;.
2,122,220 x(v) +— 0; where v € Dy, ® D3 @ D;.

. Zz(i)xzz(i)xzﬂx(v) — 0; where v € D, ® D3 @ Ds.
. Zz(i)xzmxzz(i)x(v) — 0; where v € D, ® D3 @ Ds.

. Zuxzz(i)xzz(i)x(v) — 0; where v € D, ® D3 @ Ds.

e 2WxZ,,22,,2(v) — 0; where v € D;5s ® D, ® Ds.
2,122 x2,,2(v) — 0; where v € D;5 ® D, ® D;.
2,122, 22D x(v) +— 0; where v € D;5 ® D, @ D;.

. Zz(i)xzz(i)xzﬂx(v) — 0; where v € D15 ® D,  Ds.
. Zz(i)xzmxzz(i)x(v) — 0; where v € D15 ® D, @ Ds.
e 2P 223 x2,,£(w) — 0; where v € D;5s ® D, ® Ds.
. Zz(i)xznxzz(i)x(v) — 0; where v € D15 @ D, ® Ds.
. anzz(?xzz(i)x(v) — 0; where v € D15 @ D, ® Ds.
o anzz(?xzz(i)x(v) — 0; where v € D5 @ D, ® Ds

e 2P x2P 47 1 (1) — 0; where v € D5 ® D, ® D,
e 29x2,,22,,2(v) — 0; where v € D;s ® D; @ Ds.

o 2,122 22,5, 2(v) — 0; where v € Dy @ D; @ Ds.

o 2,122,122 x(v) +— 0; Where v € Dy @ D; ® Ds.

e 2P x2P x73 x(v) — 0; where v € D, ® D; @ D;.
e 2P 223 xZ (1) — 0; where v € D, ® D; @ D;.
e 2P x2P 27 x (1) — 0; where v € Dy ® D; @ D;.
e 2%z x2,,£(v) — 0; where v € D, @ D; ® Ds.
e 29x2,, 22 x(v) — 0; where v € D, @ D; ® Ds.
e 2,122 22 x(v) — 0; where v € D, @ D; ® Ds.
e 2P x2® x2,,2(v) — 0; where v € D;s @ D; ® Ds.
e 2Px7, 22 x(v) — 0; where v € D;s @ D; ® Ds.
2,222 22 x(v) — 0; where v € Dy ® D; ® Ds.
e ZWx2P 2, £(v) — 0; where v € Dy @ D; ® Ds.
e 2Wx2,, 22 x(v) — 0; where v € Dy @ D; ® Ds.
0 2,122P22P x(v) — 0 ; where v € D,y @ D; ® Ds.
2,122 223 x(v) +— 0; where v € Dy; @ Dy @ Ds.
o 2,223 22 x(v) +— 0; where v € Dy; @ Dy @ D;.
e 2%, 22 x(v) — 0; where v € D;; @ Dy @ Ds.
e 20x2W x2,,2(w) — 0; where v € D,, ® Dy ® Ds.
o 222,228 x(v) — 0; where v € D;, ® Dy @ Ds.
. Zz(‘;)xzz(i)xznx(v) — 0; where v € D;; ® Dy ® Ds.
. Zz(i)xzuxzz(‘;)x(v) — 0; where v € D;; ® Dy ® Ds.
e 2P 223 x 7P (1) — 0; where v € D;, ® Dy ® Ds.
e 2322 % 2 () — 0; where v € D;; @ Dy ® Ds.
e 23223 x 28 x(v) — 0; where v € Dy, @ Dy ® Ds.
e ZW 2P x 2 x(v) — 0; where v € D;; @ Dy ® Ds.
e 2P x2W x 2P x(v) — 0; where v € D;, ® Dy ® Ds.
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e 2P x2P x 7 (1) — 0; where v € D;, ® Dy ® Ds.

. Zuxzz(i)xzz(i)x(v) — 0; where v € D;; ® Dy @ Ds.

o 2,223 223 x(v) +— 0; where v € Dy; ® Dy @ D;.

e 2Px2,, 223 x(v) — 0; where v € Dy; @ Dy @ D;.

e 2P %28 x2,,2(v) — 0; where v € D;, ® D, ® Ds.

. Zz(i)xzmxzz(i)x(v) — 0; where v € D;; ® Dy @ Ds.

. Zz(i)xzz(i)xzﬂx(v) — 0; where v € D;; ® Dy  Ds.

. Zz(i)mexZle(v) — 0; where v € D;; ® Dy ® Ds.

2,122 22,,2(v) — 0; where v € D;; ® Dy ® D;.

o 2,122,229 x(v) +— 0; where v € D;; ® Dy @ D;.

e 22,420 xZ,,2(v) — 0, where v € D;, @ Dy ® D,.

. Z3zyzz(i)x2’21x(v) — 0; where v € D;3 ® Ds @ D,.

. Z3zyzz(i)xzz(i)x(v) — 0; where v € Dy3 @ Ds ® D,.

© 20,420 x2,,2(v) — 0; where v € D, @ D, ® D,.

. Z32yzz(?xzz(i)x(v) — 0; where v € Dy, ® D, ® D,.

. Z32yzz(?xzz(i)x(v) — 0; where v € Dy, ® D, ® D,.

. Z32yzz(i)x221x(v) — 0; where v € D;s ® D3 Q D,.

e 25,420 223 2(v) — 0; where v € D;s @ D3 @ D,.

e 20,4222 2(v) — 0; where v € D;5 @ D; @ D,.

e 20,4222 2(v) — 0; where v € D;5 @ D; @ D,.

. Z32y22(?x221x(v) — 0; where v € D ® D, Q D,.

. Z32yzz(i)xzz(i)x(v) — 0; where v € D14 ® D, ® D,.

. Z32yzz(?xzz(i)x(v) — 0; where v € D14 ® D, ® D,.

e 20,4222 2(v) — 0; where v € D, @ D, @ D,.

e 20,4222 2(v) — 0; where v € Dy @ D, @ D,.

e 20,42 xZ,,2(v) — 0; where v € Dy; @ D; ® Ds.

e 22,4222 2(v) — 0; where v € D;, ® D; @ D,.

. z32yz§§’xz§?x(v) — 0; where v € D;; ® D; ® D,.

. z32yz§?xz§?x(v) — 0; where v € D;; ® D; @ D,.

. Z32y22(i)xzz(i)x(v) — 0; where v € D;; @ D; ® D,.

. Z32y22(‘;)x22(‘;)x(v) — 0; where v € D;; @ D; ® D;.

e 20,420 x2Z,,2(v) — 0; where v € Dy @ Dy ® Ds.

e 22,4222 2(v) — 0; where v € Dyg @ Dy @ D,.

e 25,42 x2P 2(v) — 0; where v € Dig @ Dy @ D,.

. z32yz§?xz§?x(v) — 0; where v € D13 @ Dy ® D,.

e 20,420 x23 2(v) — 0; where v € D3 @ Dy @ D,.

e 20,420 2289 2(v) — 0; where v € D3 @ Dy @ D,.

o 25,4222 2(v) — 0; where v € D3 ® Dy @ D,.

° Z32’y’232%zz(i)x(v) = —§Z3zyZ31z221x621(v); where v € Dy, @ D; Q D
. Z32y,232922(i)x(v) = _2232%23152219562(?(77); where v € Dy3 ® Dg ® Ds.
¢ 20042y Z V(W) — — 11—0232yz31z221x62(i) (v); where v € D;, ® D ® D;.
¢ 22,423y Z P2 () — — %Znyzﬂzzmxaz(? (v); where v € D;c ® D, ® D;.
. Z32/y,232922(?x(v) = _5232%23152219562(?(77); where v € Dyg ® D3 ® Ds.
¢ 22,423y Z P2 () — — §Z32y,231z221x62(? (v); where v € Dy, ® D, ® D;.
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* 23242324257 (V) — — 2= 23,4 Z315251%05; (v); Where v € Dyg @ D, @ D
o Z32/y,Z32y,ZZ(10)x(v) = —ﬁZn/y»Zuzan@Z(?(v); where v € D9 @ Dy & D;.
e 2Py 7322, 2(v) — 0; where v € D;; ® D ® D;.
Zéz yZz(i)mex(v) — 0; where v € D1, ® D5 Q D;.
e 2Dy 723 22® x(v) — 0; where v € D,, ® Ds ® D
. Z(Z)yz(s)xzmx(v) — 0; where v € D ® D,  D;.
e 2242M22® x(v) — 0; where v € D;s @ D, ® D;.
e 2P 473 223 x(v) — 0; where v € D5 ® D, ® D;.
. Z(Z)yz(ﬁ)xzmx(v) — 0; where v € D ® D3 & D;.
e 2Py 7 22P® x(v) — 0; where v € D,y ® D; ® D
« 204222 x(v) — 0; where v € D ® D; ® D;.
e 2Dy 73 22® x(v) — 0; where v €D,y ® D; ® D,
. Z(Z)yzmxznx(v) — 0; where v € Dy; ® D,  D;.
e 2042 %2 x(v) — 0; where v € D;; ® D, ® D;.
e 2Py 725 223 x(v) — 0; where v € D,, ® D, ® D,.
. Z(Z)y)ZG)xZ(‘L)x(v) — 0; where v € D;; @ D, ® D;.
. Z(z)yz(3)xz(5)x(v) — 0; where v € Dy; ® D, ® D;.
e 2Py 7™ 27, 2(v) — 0; where v € Dy @ D; @ D;.
e 2Py 7D 22® x(v) — 0; where v € D;g ® D; @ D;.
. Z(z)yZ(G)mex(v) — 0; where v € D13 ® D; ® D;.
e 2Py 75 22 x(v) — 0; where v € D;g ® D; @ D;.
e 2Py 7z 223 x(v) — 0; where v € D3 ® D; @ D;.
e 2Py 73 229 x(v) — 0; where v € D;g ® D; @ D;.
e 2P 4729 x2,,2(v) — 0; where v € Dyy @ Dy @ D;.
e 2P 478 22® x(v) — 0; where v € D,y ® Dy @ D;.
e 22423 22D x(v) — 0; where v € Dy ® Dy ® D;.
e 2P 470 223 x(v) — 0; where v € D,y ® Dy @ D;.
e 2042W22& x(v) — 0; where v € D,y ® Dy ® D;.
e 2P 479 22 x(v) — 0; where v € D,y ® Dy @ D;.
e 2P 475 223 x(v) — 0; where v € D,y ® Dy @ D;.
® 23,4 23,4Z3,4(v) — 0; where v € Dy ® D1y & Dy.
® Zs(?%zszgzz(?x(v) — %2329*23152215“621631(17) -
iznyzglzzmxaz(?agz(v) ;where v € D3 ® D, ® D,.
® Zs(?%zszﬁzz(?x(v) = 1_122329*23152219562(?631(”) - %232%23132215“02(?032(”); where v € Dy, ® D & Do.
Zs(?%zszﬁzz(?x(v) — %2329*23152219562(?)631(17) - %232%23132215“02(?032(”); where v € D;5 ® Ds & Dy.
Zs(z yZ32yZZ(?x(U) — 52329*23152219562(?631(”) - 73_0232”54*23132215“02(?032(”); where v € Dy ® Dy & Dy.
° 23(?’9*232’9*22(?75(17) = ézszy*zsﬂzmxaz(i)am(v) - %232#23132217562(?632(”); where v € Dy; ® D3 & Dy.
. Zg)yznyzz(?x(v) — %232/5023132219662(?631(17) + 05,(v); where v € D15 ® D, Q Dy
* Zéi)%zgzyzﬁo)x(ﬂ = 7%232%23152219562(?631(77) + %Zn%zmzzzlxaz(?)asz (v); where v € Dy @ D; Q Dy
. Zéi)yzg,zyzqu)x(v) — 9—102324,4231z221xa§?a31(v); where v € D, ® Dy & Dy
. Z32yZ§§)yZZ(‘;)x(v) — _?1232@»23182219662(?632(17); where v € D13 & D; Q D,.
o Z32y,Z3(§)y,ZZ(i)x(v) — %12329231Z221x62(i)632(v); where v € Dy, Q Dy Q Dy.
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* Z32y,Z3(§)y,Zz(?)x(v) = 1_3232923132217062(?632(”); where v € D;5 @ Ds & Dy

* Z32y2§§)y2§1)x(v) = I_szszyvzslzznxaz(i)asz(v); where v € D;s @ Dy & Dy.

* Z32y2§§)y2§?)x(v) = ;—iZ32yZ31z221x62(?632(v); where v € D;; @ D3 & Dy.

* Z32y2§§)y2§3)x(v) = ;_2232’9*23152217562(?632(17); where v € D15 @ D; & Dy.

e 25,42P4Z23%2(v) — 0; where v € Dy @ D; ® D.

. Z3zyZ§2 y,Z(il)x(v) — 0; where v € D0 @ Dy ® Dy.

. Z(3)yz(4)x221x(v) — —§Z32y231z221x62(?631(v) - 1—2232y,231z221x62(i)632(v); where v € D;5 ® Ds @ D,.
. Z(3)yz(5)x221x(v) — —%Z32y231z221x6§i)631(v) - izszyzﬂzzuxag;‘)an(v); where v € D;5 ® Ds @ D,.
o Z(g)yz(4)xz(2)x(v) — — lzngy)anZuxaz(i)agl(v) — %Z3ZyZ3lzZux62(i)632(v) ;where v € D5 @ Ds @ D,.
o Z(g)yz(ﬁ)xzmx(v) — — Z32fy)Z31z221x82(?831(v) — %Z32y2'31Z2'21x62(?632(v); where v € D;6 ® D, ® Dy
o Z(g)yz(s)xz(z)x(v) — —gzngy)anZuxaz(?am(v) — %ZnyZMZZleaz(i)an(v); where v € D16 Q@ D, ® D,
o Z(g)/y)ZG)xZ(S)x(v) — — 22329231z221x62(?631(v) - §Z32y,231z221x62(?632(v); where v € D16 ® D, ® Dy.

e 2y zVx2, 2(v) — —ﬁzﬂyznzzuxaz(?an(v) - }wznyzﬂzzuxag?a”(v); where v € Dy; ® D3 @ D.
o 2(3)yz(6)xz(2)x(v) — — %Znyznzznxaz(i)am(v) - %Znyznzzuxaz(?an(v); where v € D;; @ D3 @ D,.
e 20420 22Px(v) — - %Z3Zyz315221x62(?631(v) - 3232y231z221x62(i)632(v)' where v € D;; @ D3 & D

e 234y zW22Px(v) — —2—023zyz3lz221x621 83,(v) — —Z32yz31z221x621 03, (v); where v € Dy; ® D3 ® Dy
° 2(3)%22(3)7522195(”) = __232%231522195621 03, (v) — —Z32yZ31z221x621 032 (v); where v € Dig ® D, ® D

e 23yzxzPx(v) — ——Z3zyz3lz221x621 03,(v) — o5 = 2342315251205 03, (v); where v € Dig ® D, ® D,.
o Zéz /y,Zz(i) Zz(i)x(v) — —EZ3ZyZ31zZZIx621 d5,(v) — EZ32y,Z31z221x621 03,(v); where v € D13 @ D, ® Dy.

® Zéz ’y’Zz(i) Zz(i)x(v) == 19_0232%23132217562(?631(”) - izsz”y»zmzzmxaz(?an(v)' where v € D13 @ D; & Do.
e 234yzW 22 x(v) — —gznyznzznxau 03, (v) — —Z32yz31z221x621 032 (v); where v € D13 ® D, ® Dy.

¢ Zs(z ’y)Zz(j)xan(v) _232%231522175621 03, (v) — _Z3zy*Z31ZZZ1xaz1 031 (v);where v € v € D1 ® D; ® D,.
® Z(g)%zz(?) Zz(?x(v) = _‘232%23152215“621 03, (v) — —Z3ZyZ31z221x621 d3(v); where v € Dig ® D; ® D,.
2942022 xW) = — L 2342318251505 031 (v) — 22 Z3,4 23152212053 03, (v); Where v € Dy ® D; ® Do
® Z(g)%zz(i) Zz(‘;)x(v) = _‘232%23152215“621 03, (v) — _2:32”54*231322175621 932 (v); where v € D19 @ D1  Dy.
® Z(g)%zz(i) Zz(‘;’)x(v) = __2329*231522175621 93, (v) — _Z3zy*z31Z221xaz1 032 (v); where v € D19 @ Dy @ Dy.
e ZP0yzP 220 x(v) — ——Z3zyZ315221x621 031 (V) — 2 23,4231 22,2053 03, (v); where v € Dy ® D; ® Do
e 23423 %2P x(v) = = 25542315751 %053 031 (v); Where v € Dy ® Dy ® Do

« 2342 x2. x(0) — = 23,4 25152212053 031 (v); Where v € Dy ® Dy ® Do

e 23 42W 22D x(v) — T2'324,,423@2:21%621 d31(v); Where v € Dy ® Dy ® D,

¢ Zég)yzz(i)xzz(i)x(v) = ;_5;6232%23152215“62(?)631(77); where v € Dyy ® Dy & Do.

° Zég)’y*zz(i)xzz(?x(v) = ?232%2315221’562(?631(77); where v € Dyy & Dy & Dy.

® Zéi)’y’zz(i)xzz(i)x(v) = _?7232yz31z221x62(?631(v); where v € D3y @ Dy & Dy.

e 284720922, 2(v) — 0; where v € D,y ® Dy ® D.

° Z32y,231z22(?x(v) — §232%Z31Zzz1x621(77); where v € Dy, @ D; Q D;.

° Z32y,231z22(i)x(v) = %232%23132219562(?(77); where v € Dy3 @ D & Ds.

° Z32y,231z22(?x(v) = %Znyazﬂzzmxaz(i)(v); where v € D1, @ Ds ® D;.

° Z32/y,231z22(i)x(v) = %2329*23132219562(?(”); where v € Dy5 @ Dy & Ds.
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o Z32y,Z31ZZZ(?x(v) — %Znyzﬂzznxaz(i)(v); where v € D, ® D3 ® D,.
o Z32/y,Z3lzZZ(Z)x(v) — %z3zyz31zzzlxa§?(v); where v € D;; @ D, Q D;.
o Z32/y,Z3lzZZ(?)x(v) — iZ324_/,,2'31z,’2,'219662(?(v)' where v € D3 @ D; ® D;.
o Z32/y,Z31zZ D (v) — — Z32yZ31z221x621 (v); where v € D1 @ Dy ® D;.

. Z3zyzglz221 x(v) — 0, where v € Do & Dy ® D;.

® 2oy T3,y Z3,3(v) — 0; where v € Dy @ Dy @ Dy

. Z(Z)yzmzz(z)x(v) — §Z32y231z221x631(v); where v € Dy, @ Dg ® Dy.

. Zéz)yzg,lzzz(l)x(v) — %Z32y231z221x621831(v) - i,‘ZI3245{)Z31Z2219062(i)632(v)' where v € D15 ® D; @ Dy.
. Z(Z)yZ31zZ(4)x(v) — 1Z32yZ31z221x621 03,(v) — —Z32yZ31z221x621 03,(v); where v € D, ® D¢ @ D,.

. Z(z)yzg,lzzz(l)x(v) — = Z32y231Z2'21x621 05, (v) — Z32y)2'31Z2'21x821 03,(v); where v € D1z @ D Q D,
Zéz yZMZZZ(l)x(U) — 15232y231z221x621 05, (v) — 52329231,82219682(?632(17); where v € D6 ® D, ® Dy
. Z%)y)ZMZZZ(Z)x(v) — 1—182329231,82219062(?)631(17) - 52—(;2329231Z221x62(?632(v); where v € D;; ® D3 ® Dy.
Zéi)yznzzz(?)x(v) — i,2'324,4231zZ21x62(?631(v) + iZ32’y»Z31Z221x62(1)632(v). where v € D3 ® D, ® Do.

e 2947220 xW) — — Z32yz31z221x621 031 (V) = —= 2329231821205 83, (v); Where v € Dy ® D; ® D,

180

e 294722032 (v) — 27232@,12315221@21 93,(v); where v € Dyy ® Dy ® D,

Proposition (3.4):

The map o, defined above satisfies (3.3).
Proof:

We can see that for some terms:

* (Bryz, + 02 ° 8yeua,) (22122212251 2(v) ); where v € Dy, ® Ds ® Ds
= 0y (2 ZZl xZle(v) -2 221702(2)5\?(17) + 2215\?22196621(17)) =0.

. (6M3L2 + 0,0 6M3M2) (Z32yz(2)x2(2)x(v)); where v € D13 ® D; ® D,

= 0y (Zz(i)xzz(i)xa:;z(v) + 22196221 xa31(v) -6 Z32’y)zz(i)x(v)) + Z32%Zz(i)x621(v)
6

== gzszyzz(i)xau(v) + Zszyzz(i)xam(v) =0.

. (5M3L2 + 0,0 5M3M2) (232@,/232@22(?95(1;)); where v € D, @ D, ® D,
=03 (2 Zg(i)?f’z(”x(v) - Z32y22(i)x632(v)) - Z32%Z§i)xa31(v) + 0, (232%232’9/’62(? (V))

2 1
= _§232%Zz1 x631(v) - 5232%231562(?(17) -3 Z3zy*Zz(?xaz1a3z(V)-
And

1
(6L3Lz +o0y0 5L3Mz) <_ 52324!23122215“321(17))
1 1 1 2
=02 (5221752217533(;)621(77)) 3 Z32/y)22(i)x032021(v) + 0, (5232’9*232’9)62(?621('7)) -3 Z32@,IZ31Z62(?(U)
1 2 1
= _gzszﬁzz(i)xam(v) - 5232%231262(?(17) -3 Z32y;22(?x021032(v).

¢ (Brsz, + 02 ° Orgyo,) (202923425172 (v) ); where v € Dy ® Dy ® D,y
=0, (2 Z3( Z(lo)x(v)) 232’54*22(10 x03,(v) — J2(232”(4*221 x031(v) + Z32y»Z32y)0(10)(v))
= __232%2(2) 6(7)631(1]) - gz32’y*z315621)(17)-
And
1 (8)
(5L3L2 +oy0 5L3MZ) (_ 4_52329)231522195621 (V))
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=03 ( 221x221xa§§)6(8)(17)) e 2324(,,&22(?966328(8)(17) + 0y ( Zsz’y*zsz’y’az(i)a(s)(v)) - = Zgzyz3lz621)(v)
=- Ezsz’y*zz(i)xaz(?asl(v) - EZ32’9)231Z32(? (v).

¢ (Brsz, + 02 ° Oreye,) (239257 2 2512(v) ); where v € Dy; ® Dy ® Dy
=0y (z“)xzmxa(”(v) + Z(z)x2'21x832831(17) + 221x221x6(2)(v) 4 Z(?/y,Zz(i)x(v) + Z( (3).96621(17))
= —§232y»221 20,105, (v) + 2329*23136(3)(77) +3 2329*221 %031071(v) — Zsz’yvzslzaz(i) (v) = 0.

(5M3L2 +0,0 5M3M2) (23(2 yZz(?mex(v)); where v € D;, @ Ds ® D,
=0, (2,’21 xZZIxO(Z)(v) + Z(3)x2'21x832831(17) + Zz(f)xzmxa(z)(v) Zgg)yazz(i)x(v) + Zg)/g,zz(i)xam(v)) =0

° (6M3L2 +oy0 5M3M2)(232’y*23214*232%(17)); where v € Dy @ D1, ® Dy
=0, (2 Z3(§);L,LZ32y»(1J) -2 Z32y2§§)y(v) + Z3zy*zsz’y*032(v)) =0

° (6M3L2 +0,0 6M3M2) ( yZ3ZyZ x(v)) where v € D;5 ® D; ® Dy
=0, (3 Z(3) mx(v) Z(Z)yz(4)x632(v) Z§3)92(3)x631(v) + Z(Z)y;Z”yﬁg) (v))
= gzsz’%zz(?xa(z)(v) - —Z3z/y,22(i)x6(2)6(2)(v) - ‘232’%2315621 03,(v) — % Z32y»22(i)x621632631(v) +

5232%231532(1 031 (v).
And

(51:31:2 +0z0 5L3M2) (2232%231522175621631(17) _%232%23152219562(?632(”))
= 0, (—2221;\:221;\:635%)621631(17)) + % Z3zyzz(?x632621631(v) +
02 (%Zsz’y*zsz”y’az(?az1as1(v)) + % 2329 231809105103, (V) +
g, (1221x221x6§?6(2)632(v)) - i Z3zyzz(?x63202(?632(v) +
( 232%232%6(2)6(2)632(17)> -2 Z32y,Z31z62162(i)032(v)
‘Z32%Z(2) a(z)(v) - —Z32y,Z(2) az(i)a(z)(v) - —Z32yZ31z621 05, (v) — % Z32y22(i)x621632631(v) +
32#2313621 931 ().

1
3

(5M3L2 t o0 6]‘/[3]‘/[2) (23(2)9*232%2(11)x(17))' where v € Dyy & Dy & Dy
=0, (323425 () - 25925V 205,(v) — 0,(25 921 V%0:, () + 23y Z50905 Y )

= = 23,42 2057 05 (v) + = Z3, 4231205, 03, (v).
And

(8c,z, + 02 °6200,) (iZ32yZ315221x62(?631(v))
=0, ( 221x221x6(2)6(8)631(v)> + = Z32yz(2)x63262(§3)631(v) -
o (% z3zyz32@a§1)a<8)a31(v)) + 1 Z32yZ31z62162(f)631(v)
= —Zy,u 2P %005 (v) + — Z3zyz3lz621 931 (v).

° (6M3£2 + 0_2 o 6M3M2) (23292(2) (4).76(1])) Where v E D13 ® D7 ® DO
=03 (3 Z(3) (4)96(17) Z32y»Zz(i)x6(2)(v) Z32y221 x632631(v) 232922(?9663)(17) + Z3,y Z(z) (4)(17))
= —5232(14;22(?966(2)6(2)(1]) Z32’y*z315621 03,(v) — 5232@,1221 20,103,031 (V).
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And
1
(5L3L2 +0y0 5L3M2) (——Z32yZ31z221x62(?632(v))
=0, ( 221;\4221966(2)6(2)832(17)) 1 2 u2P05,0P0, () +

(—Z32y»232y0 632(17)) -3 Z32%Z31Z82162i 032 (v)
= ——Z32y,22(?x6(2)6(2)(v) 232%2315621 03, (v) — ‘232’9*221 202103,03, (V).

. (5M3L2 + 0,0 5M3Mz) (Z32yZ(2)y)Z(11)x(v)); where v € D,y & Dy ® D,
=0y (3 Zég)yz(ll)x(v)) - Zsz’y’qu)xam(v) 232’9’22(10)75632631(17) - 0'2(_2329'22(2)“’6(2)(”) +

Z3y Zé?/y,az(il)(v)) = Eznyz(” 62(?6(2)(17) ZgzyZ§i)x6§i)6(2)(v) =0.

o (8atyz, + 02 © Bagyac,) (zgg)yzz(‘;)xznx(v))- where v € D,, ® Dy ® D,

=0, (Zz(‘;)xznxa(z)(v) + Zz(i)xznxa a5, (v) + Z x221x632631)(v) +
221;\5221;\:6351)(17) — Z3( Zz(i)x(v) + Zéz yzz(?xam(v))

= ——Z32yZ(2)x6216(2)(v) - ‘Z32%Z(2) az(i)a(z)(v)

;Z32%Z31zaz1 03, (v) — EZ32yZZ(?x621 03203, (V) — 52329*231562(?631(17)-
And

(8cyc, + 02 © 8r306,) (5 2022318202053 031 (v) — 1—22329231,322@02(?632(1;))
=0 (%221752217533(;)62(?631(V)) —é Zsz’y’zz(i)xaszaz(?asl(v) +
i (gzgzyznyaz(?ag)agl(v)) — = 2504251801050 93, (v) +
0, (1221x221x6§§)62(?632(v)) —% Z3zyzz(?xa3262(i)a32(v) +
( Z32yZ32y6(2)6(3)632(v)) -= Z32/y;Z3lza2162(i)632(v)
= ——Z32yZ x621a(2)(v) - —Z32yzz(i)x6(3)6(2)( ) —
z5332’!9’1315621 03, (v) — —Z32yZ§i)x621 032031 (v) — 52329231Z62(i)a31(v)'

° (6M3L2 + 0-2 o 6]\/[3]\/[2) (Z?Eg)yzz(i(])xzz(i)x(v)) Where v E DZO ® DO ® DO
= 22(10)75221756?53)(17) + Z(g)x221xa32 631(17) + Zz(?)x221x632631)(17) +
UZ(ZZ(?xZuan)(v) 11 Zg)yz(n)x(v) + Z(3)yZ(1°)x621(v)) =0.

¢ (Bryz, + 02 ° Or0yo,) (2224212257 2(v) ) ; where v € D, ® D, @ Dy
=02 (23(2) Zz(i)x(v) Zzﬂ‘zz(i) ag)(v) +Z32”J*Zz(i)xa32(v) -
Z32yZ32y021 (U)) + Z32/y;Z3lz(32(1)(v) = —Z32y221 x03,(v) + - Z32yZ31z6 W)+ Z32’é¢221 204103, (V).
And
(51;31;2 +o0,0 51;3M2) <EZ32y»Z31z221x621(v))

= 0'2( Z215’52"2175632 621(1])) +z Z32’y*zz1 203,05, (V) — ( Z32’y)z32’9’621 621(17)) + = Z3,423150710,,(v) =
‘232%221 203, (V) + % Z32y»Z31Za (U) + - Z32y221 x821632(v)

® (6M3£2 +oy0 6M3Mz) (2329*23122(3)95(17))' where v € D3 ® Dg ® Dy
=0, (2 Z(Z) (4)x(v) mezz(i)xa(z)(v) + Z32y,221 x05,(v) —
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Z32y232y,62(i)(v)) + Z32”!4*231362(?)(V) = %232’9)22(?95621831(77) + §Z32/y)2'31z6 ) +- Z32/y12'2(?x6(2)632(v).
And

(8,0, + 020 6,6, <iz3zyzglz221xa§? )
=03 (——221x221xa(2)a(2)(v)) +- Z32yZZ(i)x6326(2)(v) -
(‘ 232%232%62(?3(2)(17)) +- Zgzyzglzazﬁm )
= ‘Zszy’zu x621631(v) + 7 Z32yZ312621)(v) +- Zszy*ZZ(i x6(2)632(v).

¢ (Bryz, + 02 ° Oryo,) (2229212257 2(v) ) where v € Dy, ® Dy ® D
=0, (3 Z(Z)yzzz(i)x(v) mezz(‘;)xa(z)(v) + Z32’y221 xasz(”) -
2
232’5’232%”621 (77)) + Zszyzmza (77) = _Zsz’y*zz(i xa(z)au(v) + gzsz’yvzslza (‘7) 5 Z32y22(§ J56(3)632(1’)-
And

1
(5,53,52 +0y0 5L3M2) <_Zsz%z31zzz1xaz(i) (17)>
=0, ( 221x221x6(2)6(3)(v)) +— Z32y2(2)x6326(3)(v) — 0y ( Z32yZ32y6(2)6(3)(v)) +—= Z32’9’Z315621621)(V)
Z3Z/y)Zz(i)x6(2)631(v) + 5*7532%2:315a (V) o Z32/y»2'2(i x6(3)632(v).

° (6M3£2 + 0, © 6M3M2) (232’%231‘822(2)95(17)) ;where v € ﬂ19 ® ﬂo ® Dl
=0, (8 Zé Z(Io)x(v)) - 221902(9) 6(2)(17) + Z3zyZ x632(v) -

03 (232%232%6( 0)(17)) + 232%2313'6 (17) = —Z32y»22(i x6(7)631(v) + §Z32%231562(2)(U)-
And

1
(5L3L2 +oy0 5L3M2) (_232%23152219562(?) (V))
= 0-2 ( 221x221x6(2)6(8)( )) +— Z32y'221 xa3za(8)(v) -

( 232%232%62(?6(10)(”)> += 232%2315621021 ) = _2:329*2:(2) 6(7)631(17) +< 232@2313021)(17)

* (8ryz, + 02 © Saeyne, ) (B304 2Z3,492312(v)); Where v € Dyg ® Dyp ® D,
=02 (2 Zs(g)%zmz(v) -2 Z542Z3,3(v) + 2329232%031(77)) =0.

° (5M3Lz toz0 5M3M2) (Z3z ’9)23152(2)95(77))' where v € D;, ® Dg ® D,
= 02(_221.%22(?_)556(2)(1}) + Zz(i)xzz(i)xa:;z(v) + Z /y»Z32/y»a(3)(U) +

Z32yZ31z0§i)(v)) = 5232’9)221 203,03, (v) + §Z32%Z315621631(U)-
And

1
(5L3L2 toye 5L3M2) (§Z3z4z/’zslzzz1xa31(v))
=0 (—lZ 225,202 (v)>+12 2P x0,,0 ) —
=0, 3 ©21%421X03;5 031 3 ©32Y4%21 X¥032031

1 1 1 1
) (5 Z32/g;Z32/g;62(i)631(17)) + 3 Z3,423130,103,(v) = 5232’9’22(?95632631(17) + 52329'2315621631(17)-

¢ (Brsz, + 02 ° Orey0,) (2539231225172 (v) ); where v € Dyy ® Dy ® D,
=0, (8 Zég)/yaz(n)x(v)) mezz(io)xag)(v) + Z(z)yz(n)x632 -

Uz(z( %Zszyaz(il)(v) Z(?y*zmza(lo)(v)) 232@/*22(?’58(7)6(2)(’7)"' Z32y»2731z021 031 (v).
And
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1
(5L3L2 +0y0 5L3M2) (;273292315221%62(?)631(U)>

1 1
=0y (_52219522195635?62(?831(”)) 5 Z32y22(?x63262(?631(v) -

1 9
02 (2 25092900000, () + 2 2592312010805, ()
2 1
= Zzsz’y*zz(i)xaz(?azg)(v) + §Z32%Z31Z82(?a31(17)-
Eventually, we define the boundary maps in the complex:

d3 02

0 Ls L, L

Ly

where 8, is the operation of indicated polarization operators, d,, d, and d; defined as follows:

° 61(221.’)6(1))) = 621(17), Where v E D].O ® D7 ® D3.
° 61(232@(17)) = 632(17), Where v E Dg ® Dg ® Dz.

o 62(232%22(?75(77)) = % Z51%02103,(V) + 212031 (V) — Zsz’y’az(i)(v); where v € D;; ® D; ® D,.
1

©0,(Z3,423:5(v)) = > Z3,40320,, (V) — Zz1x63f§)(17) — Z3,405,(v); where v € D;y ® Dy ® D;.

® 03(25,423132,12(V)) = Zszyzz(?xam(v) + 23,423,205, (v); where v € D;; @ Dg Q@ D;.

Theorem (3.5):

The complex (3.4) is exact and in characteristic-zero gives a resolution of K(q g 5y (F).

Proof:
First, we prove the exactness of the complex
03

0 Ly L,

Ly

(4)

Since one component of the map 9 is a diagonalization of D, into D; ® D, it is clear that d5 is injective. To prove the

exactness at £,.

For this, we need to show that:

If v € ker (8,) then 3w € L; such that 95 (w) = v.

If 0,(v) = 0then3 (a,b) € L;BM5 such that

6(a,b) = (v,0) € L, M, but

6(a,b) =6.,.,(@)+6,,00,(@) + Oaryr, (B) + gy, (B). SO wWe get:
Or,r,(@)+8n,,(b) = v

and
8,00, (@) +8r,00, (D) = 0

Now if w = a + o3(b) we can see that d;(w) = v in fact

95(a) = b, (a) + 03 © 6,0, (a), and

03(03(b)) = gy, (B) + 03 © Spga0, (b), SO

83(“ + Us(b)) = 03(a) + 63(03(17))

= 0r,r,(@)+0, © 81 0, (@) + Oy, (D) + 02 © Spgye, (b)

= 8ryr,(@)+0p,., (B) + 03 0 ((51:3]\/[2 (@) + Srene, (b))-

Hence from (1) and (2), we get 95 (w) = v ; where w = a + d5(b).
This proves the exactness at £,.

As the same way we can prove the exactness at £;.

Finally, we get the complex:

a3 a, EN

0 Ly L, L Lo

is exact.
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